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Preface

The current static spectrum management policies have caused a severe dilemma 
of spectrum scarcity versus under-utilization. Accordingly, the emerging Cognitive 
Radio (CR) technology, which allows dynamic spectrum access, has been widely 
deemed as a promising candidate to improve the utilization of the precious natural 
resource-radio spectrum for the next generation of wireless communication. Given 
the space-time-frequency variation in wireless communication environment, dy-
namic resource allocation severs as a pivotal issue to achieve the high performance 
of CR systems.

This brief is intended to provide a summary survey of different dynamic resource 
allocation schemes in CR systems, with focuses on, particularly, the spectral-effi-
ciency and energy-efficiency in wireless communication networks. With a summary 
introduction of the landscape of CR technology, we detail the dynamic resource 
allocation problem for its motivation and challenges in CR systems. In terms of 
preferences, the network operator may be inclined more toward Spectral-Efficien-
cy (SE) or Energy-Efficiency (EE) metrics in practical systems. Accordingly, the 
Spectral- and Energy-Efficient resource allocation schemes are comprehensively 
investigated in this monograph, respectively. Besides, through extensive analysis, 
we also explore the interrelationship between the SE and the EE, and further throw 
new insights into the SE-EE trade-off for operating strategies. We hope that this 
brief will be used as a reference for practicing engineer and researchers in the field 
of wireless communications.

Nanjing 210023, China �   Shaowei Wang
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Chapter 1
Introduction

© The Author(s) 2014
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Built on a software-defined radio, cognitive radio (CR) [1, 2] is generally defined as 
an intelligent wireless communication paradigm with the awareness of its environ-
ment, which is able to learn from the environment and adapt to statistical variations 
in the input stimuli using understanding-by-building methodology. It is proposed to 
achieve efficient radio spectrum utilization, as well as high reliable communication 
whenever and wherever needed.

1.1 � Cognitive Radio Technology

CR technology allows secondary users (SUs), also referred to as CR users, to sense 
the radio environment and access the radio spectrum licensed by primary users 
(PUs), as long as the SUs do not worsen the performance of the PUs. In order 
to meet the requirements of opportunistic access, the physical layer of a CR sys-
tem should be very flexible, which necessitates multicarrier methods to operate in 
CR networks. Orthogonal frequency division multiplexing (OFDM), which offers 
a high flexibility in radio resource management, is deemed as an appropriate air 
interface of a CR system [3, 4].

1.1.1 � Cognitive Radio Characteristics

With the staggering increase of new wireless applications, the last decade has wit-
nessed the looming exhaustion of radio spectrum. On the other hand, the traditional 
spectrum management policy, which generally assigns the radio spectrum in a fixed 
manner, becomes a bottleneck for high efficient spectrum utilization. As disclosed 
by the report of Federal Communication Commission (FCC), the temporal and 
geographic variations in the utilization of the licensed spectrum range from 15 to 
85 % [5], as illustrated in Fig. 1.1. Consequently, such dilemma starves for innovative 
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technologies to improve the usage efficiency of radio spectrum [6]. CR technology is 
proposed as a potential paradigm to address the crisis of spectrum scarcity.

As a vital technology for future communications, CRs are equipped with cog-
nitive capability and reconfigurability [7, 8], enabling more efficient and flexible 
utilization of the limited radio resource. Specifically, cognitive capability refers to 
the ability of learning from the environment to obtain necessary information, such 
as transmitted waveform, radio frequency spectrum, communication network type, 
geographical information and user requirements. After gathering their desired in-
formation, the radios/devices can dynamically adapt their transmission parameters, 
such as transmission power, frequency, modulation type, etc., to the sensed environ-
ment variations and achieve optimal performance, known as reconfigurability.

1.1.2 � Cognitive Radio Functions

Generally, the operation of a CR network consists of three fundamental tasks, in-
cluding (1) radio-scene analysis, (2) channel identification and (3) power control 
and spectrum management [8, 9]. Through interaction with radio environment, 
these three tasks constitute a basic cognitive cycle, as illustrated in Fig. 1.2.

To be specific, the process of radio-scene analysis includes the estimation of in-
terference temperature of the radio environment or the detection of spectrum holes. 
Generally, a band of frequencies assigned to a primary user, but not being used by 
that user at a particular time or geographic location is termed a spectrum hole, as 
shown in Fig. 1.3. The task of channel identification encompasses the estimation of 

Fig. 1.1   Spectrum usage [7]
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channel state information and the prediction of channel capacity for utilization by the 
transmitter. In dynamic spectrum management, an SU may share the spectrum with 
PUs, other SUs, or both, while the spectrum rights are owned by primary systems. 
Thus, the high spectrum efficiency is mainly rooted in an appropriate spectrum shar-
ing mechanism between the primary and the secondary networks. When SUs coexist 

Fig. 1.3   Illustration of spectrum hole [7]

 

Fig. 1.2   Basic cognitive cycle [8]
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with PUs in a licensed band, the interference level to the PUs should be limited under 
a certain threshold. When multiple SUs share a same portion of spectrum, their ac-
cess should be coordinated to mitigate their mutual collisions and interference.

1.1.3 � Interference Temperature

In secondary spectrum access, the SUs need to detect the appearance of the PUs and 
decide which portion of the spectrum is available according to different metrics. 
To protect the performance of the PUs, the interference level accumulated on the 
licensed spectrum that is being used by the PUs should be controlled within a toler-
able range. Traditionally, the transmission power of interfering devices is limited 
under a prescribed noise floor at a certain distance from the transmitter. However, 
the unpredictable appearance of new sources of interference increased the mobility 
and variability of radio frequency emitters, making this approach problematic. To 
overcome this difficulty, the FCC spectrum Policy Task Force has recommended 
a more practical metric for interference assessment, the interference temperature 
[10], to describe the interference limit at the receiver side. In this recommendation, 
the interference temperature is introduced as a measurement to qualify and manage 
the sources of interference in a radio environment, reflecting the power generated 
by other noise sources [11]. Accordingly, the interference temperature limit pro-
vides a maximum amount of tolerable interference for a given frequency band at 
a particular location. That is to say, any unlicensed transmission in this band must 
keep their interference to a licensed receiver below the interference temperature 
limit.

1.2 � OFDM Technology

For CR systems, it is necessary to employ multi-carrier modulation technologies 
in the physical layer design, due to its flexibility in dynamically adapting spectral 
environments and allocating available spectrum efficiently. As the most widely rec-
ognized one in multi-carrier modulation technologies, OFDM has paved its way for 
applications in the physical layer of systems.

1.2.1 � Key Features

Conceptually, OFDM is a specialized FDM (frequency division multiplexing) 
with an additional characteristic that all carrier signals are orthogonal to each 
other. As descript in Fig. 1.4, the whole bandwidth is divided into a number of 
orthogonally overlapping subcarriers (subchannels) in frequency domain, and 
the transmission on each subchannel can adaptively adopt different modulation 
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schemes according to its channel condition. In this case, the data-bearing symbol 
stream is split into several low-rate streams to be transmitted over different sub-
channels. Thus, this splitting reduces the data rate and increases the symbol dura-
tion, making it possible to combat the time dispersion effect of multipath channels 
in wireless environment. Moreover, the inter-symbol interference (ISI) can be 
further removed by extending the OFDM symbol with a cyclic prefix. Besides, 
the primary advantages of OFDM also include simplified channel equalizers, high 
spectrum efficiency, robustness against narrow-band co-channel interference, ef-
ficient implementation using Fast Fourier Transform (FFT), low sensitivity to 
time synchronization errors, etc.

1.2.2 � OFDM-Based CR Systems

Why OFDM is a good fit for CR systems? In general, the underlying sensing and 
spectrum shaping capacities of OFDM, together with its flexibility in allocating 
resources, to fulfill the requirements of CR, make it an ideal air interface for CR 
systems. Here, the strength of OFDM in CR systems is elaborated from five aspects.

•	 Spectrum sensing. The inherent FFT cores in OFDM enables easy sensing and 
selection of spectrum holes without extra hardware or computation [12, 13].

•	 Spectrum shaping. The unique signaling of OFDM provides flexibility of being 
shaped adaptively to the required spectrum mask by disabling a set of subchan-
nels.

•	 Adaptation to the environment. Due to its inherent features, an OFDM-based sys-
tem is able to adaptively change the modulation scheme, coding and transmission 

Fig. 1.4   OFDM subcarriers
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power of each subchannel [14]. Also, it can change the subcarrier spacing and 
the length of cyclic prefix according to the transmission environment and system 
requirements [15].

•	 Multiple access and spectral allocation. OFDMA (orthogonal frequency division 
multiple access) facilitates flexible multiple accessing and spectral allocation 
for CR without extra hardware complexity, where subchannels are grouped into 
several sets to be allocated to different users.

•	 Interoperability [16]. OFDM is the best candidate to achieve the ability of two 
or more systems to exchange information and to use the information that was 
exchanged, for instance, the exchange of information between the primary and 
secondary system in CR networks. It has been successfully used in various tech-
nologies including IEEE 802.11a and IEEE 802.11 g wireless local area network 
(WLAN) standards and WiMAX [17].

In this brief, we assume a CR system, also referred to as a secondary system, oper-
ates in the licensed band using OFDM. A typical block diagram of the OFDM-based 
CR system is illustrated in Fig. 1.5.

1.2.3 � Summary

As an arising technology, there are three major features defining a CR, that are, the 
ability to sense, learn and adapt. These characteristics make the CR unique from oth-
er spectrum sharing and wireless communication techniques. This chapter provides 

Fig. 1.5   OFDM-based CR system block diagram [4]
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a summary introduction of CR concept, characteristics and tasks. Furthermore, ac-
cording to the requirements of CR systems, we also introduce a promising paradigm 
for the physical layer of a CR system—OFDM technology. The unique features of 
OFDM technology are also detailed to manifest its superiority for application in CR 
systems.
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Chapter 2
Dynamic Resource Allocation

Dynamic Resource Allocation is an essential technique to exploit the time-space-
frequency variation in wireless channels by adaptively distributing precious radio 
resources, such as spectrum and power, to either maximize or minimize the con-
cerned network performance metrics. In traditional static resource allocation strate-
gies, subchannels are distributed in a predetermined manner; that is, each user is 
assigned fixed frequency bands regardless of the channel status. In this case, the 
resource allocation problem reduces to power allocation or bits loading on each 
subchannel, which fails to fully exploit the potential of multiuser diversity in wire-
less environment.

2.1 � Resource Allocation in OFDM Systems

In multiuser OFDM systems, a typical resource allocation scheme might be de-
signed to determine the subchannels, the transmission power and the bits allocated 
to users to optimize the desired performance.

2.1.1 � Wireless Channel Characteristics

In wireless signal transmission, multipath reflections from different objects give 
rise to a common phenomenon-multipath fading. Specifically, the multipath reflec-
tions result in the electromagnetic wave travelling along different paths with vary-
ing length, and the interaction between those waves causes multipath fading with 
frequency selectivity.

Another characteristic of the multipath channel is its time-varying nature. This 
time variation occurs owing to the mobility of either the transmitter or the receiver, 
and therefore the location of reflectors in the transmission path, which gives rise to 
multipath, will change over time. Consequently, wireless channel is generally as-
sumed to be wideband time-varying frequency-selective multipath fading.

9© The Author(s) 2014
S. Wang, Cognitive Radio Networks, SpringerBriefs in Computer Science, 
DOI 10.1007/978-3-319-08936-2_2 



10 2  Dynamic Resource Allocation

The coherence bandwidth, defined as a range of frequencies over which the 
channel can be considered as flat fading, is a significant parameter to characterize 
the multipath fading channels in frequency domain [1]. By taking advantage of this 
property, each OFDM subchannel can be assumed to undergo flat fading as long 
as the bandwidth of each subchannel is chosen much smaller than the coherence 
bandwidth of the channel. One of the most popular models to illustrate the statistical 
nature of flat fading channels is the Clark’s model based on scattering [1]. In this 
model, the fading parameter of the channel is considered to be a random variable 
with Rayleigh distribution. Besides, it is also assumed that additive white Gaussian 
noise (AWGN) imposes on all subchannels of all users.

Accordingly, the fading parameters for different users are mutually independent, 
which implies that it is unlikely for a certain subchannel to undergo deep fading for 
all users; that is, each subchannel is expected to be in good condition for some users 
in the system, also referred to as multiuser diversity. One of the crucial principles of 
dynamic resource allocation is intended to assign each subchannel to the user with 
the best channel gain on it. The essential premise of such a scheme is the perfect 
estimation of channel information and feedback to base stations, while the channel 
information is always available at the beginning of each transmission block. In ad-
dition, the fading rate of each channel is supposed to be slow enough that the time-
varying channel can be deemed quasi-static where the channel condition does not 
change within each OFDM transmission block.

The resource allocation schemes discussed in this brief are based on the assump-
tion of perfect channel information at both the transmitter and the receiver sides. 
While it is rarely possible for the transmitter to obtain perfect channel state infor-
mation (CSI), typical channel estimation is accurate enough to justify the use of 
adaptive resource allocation. The channel prediction algorithms have been studied 
extensively in the past years and recently, more studies have been focused on chan-
nel prediction methods in the context of OFDM [2–8].

In a multiuser OFDM system, the subchannel allocation is generally carried out 
based on the instantaneous channel information and the desired requirements of sys-
tem. According to the aforementioned analysis about wireless channel characteris-
tics, Figs. 2.1 and 2.2 depict the channel gain of a frequency selective fading with 
32 subchannels and the channel gain of a wireless channel with eight subchannels 
and four users, respectively. These two figures manifest two important properties of 
channel gains in a multiuser OFDM system: First, different subchannels of a certain 
user experience different fading levels because of frequency selectivity of a channel, 
namely, frequency diversity; second, the subchannel gains of users at different loca-
tions vary independently, known as multiuser diversity. Taking full advantage of the 
channel information and its properties, the transmitter performs dynamic subchannel 
and power allocation to achieve the best performance of the system [9].

2.1.2 � FFT-Based Transceiver

Consider the downlink of a multiuser OFDM system, a base station communicates 
with multiple users with limited resources, such as the given bandwidth and the 
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transmit power. The framework in a multiuser OFDM transmitter with adaptive 
resource allocation is illustrated in Fig. 2.3.

The process can be detailed as follows. The transmitter utilizes channel informa-
tion to perform dynamic resource allocation algorithm, working out the subchan-
nels allocated to each user, the number of bits transmitted and power loaded on each 
subchannel. At the output of the modulators, the complex symbols are transformed 

Fig. 2.2   Wireless channel with eight subchannels and four users

 

Fig. 2.1   Frequency selective channel with 32 subchannels
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into an OFDM symbol by inverse fast Fourier transform (IFFT) in the transmitter. 
Then, the copy of the last portion of the data symbol is used as a cyclic prefix and 
added to the samples in time domain, which serves as a guard interval to ensure the 
orthogonality between subchannels. In this type of multicarrier modulation, also 
referred to as cyclic prefix OFDM (CP-OFDM), intersymbol interference (ISI) can 
be eliminated when the amount of time dispersion of the channel is smaller than the 
duration of the guard interval. The resource allocation information, as well as the 
OFDM symbols, is then transmitted to the receiver through an exclusive control 
channel. In the receiver side, the guard interval is removed and the time samples are 
transformed into modulated symbols by fast Fourier transform (FFT).

Mathematically, the problem of resource allocation with N OFDM subchannels 
and K users is to determine the subchannel allocation indices ,k nρ ’s, describing 
whether the subchannel n should be assigned to user k, and the amount of power 
should be loaded on subchannel n used by user k, denoted by ,k nρ . The detailed 
block in Fig. 2.1 gives a distinct overview of this problem.

In practical systems, different users are generally not allowed to share the same 
subchannel to simplify the transceiver implementation; that is, the subchannel allo-
cation indices ,k nρ ’s are mutually exclusive with binary value {0, 1}. Theoretically, 

Fig. 2.3   Block diagram of an OFDM transmitter with adaptive resource allocation [9]
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it has been proved that the overall throughput can be maximized when each sub-
channel is allocated to only one user who enjoys the best channel gain for that 
subchannel, along with the optimal power loading on each subchannel [10]. Thus, 
throughout this brief, we assume that each subchannel can only be occupied by one 
user.

As the dramatic evolvement of various wireless services, future wireless com-
munication networks are expected be flexible enough to handle myriad quality re-
quirements, e.g., high data rate, fairness and low latency. Therefore, different dy-
namic resource allocation schemes and optimization techniques will be introduced 
in this brief in the light of different desired objectives and constraints.

2.1.3 � Efficiency and Fairness

Efficiency and fairness are always two pivotal issues for dynamic resource alloca-
tion. Given limited resources for a wireless communication system, the concept of 
efficiency specifies either spectral efficiency (SE) or energy efficiency (EE). Spe-
cifically, SE is generally defined as the data rate per unit bandwidth, which can be 
calculated by dividing the total throughout by the total bandwidth of a system. Note 
that it considers the total data rate of the system rather than the individual achieved 
rate of users. Consequently, in order to achieve high SE, users with poor channel 
conditions might suffer relatively low data rate. On the other hand, EE is defined 
as the system throughput per unit energy consumption, referred to as “bits-per-
Joule”, which is mostly considered during network operation for resource alloca-
tion [11–18]. Most previous research efforts put little emphasis on EE for wireless 
network design until very recently. It, however, has become an inexorable trend 
as the blossom of green communication. Unfortunately, the SE and the EE are not 
always consistent and even conflict with each other sometimes. Hence, how to bal-
ance the two metrics deserves deep study to establish a more flexible and intelligent 
wireless networks.

In terms of fairness, the definition varies with different design criteria, indicating 
how equally the resources are allocated among users. For instance, it can be defined 
either with respect to bandwidth with the same number of subchannels assigned to 
each user [19], or with respect to power where each user is allocated equal portion of 
power from the total budget [20], or with respect to data rate which tries to achieve 
the same data rate of each user [21]. Particularly, when the objective is to guaran-
tee the rate proportionality among users, it is called optimization with constrained-
fairness. Generally, fairness index for rate proportional constraints is introduced as 
in to flexibly describe the instantaneous fairness among users. When the fairness 
index reaches the maximum value of 1, it indicates the fairest case in which all us-
ers would achieve the same data rate. An alternative criterion to guarantee absolute 
fairness among users is the max-min strategy; that is, to maximize the minimal data 
rate of users ensures that each user shares the equal data rate eventually.
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Often, it fails to optimize the efficiency and the fairness simultaneously, since 
different metrics often lead to different, or even opposite design criteria for network 
operation. For example, optimal SE may scarify the fairness among users, because 
users with good channel condition are more preferable to be allocated with more re-
sources to achieve high system throughput. Also, the optimal SE and EE can hardly 
be achieved at the same time due to the conflict between these two metrics in some 
cases. Thus, it is of great importance to figure out the trade-offs between these met-
rics, concerning the sorted requirement of practical systems.

2.1.4 � Classes of Dynamic Resource Allocation

As one of the most important issues in OFDM systems, adaptive resource allocation 
has attracted significant attentions during the past two decades, particularly from 
the perspective of the SE. A comprehensive survey can be found in and references 
therein.

Resource allocation in conventional OFDM systems can be classified into two 
categories, namely margin adaptive [22–24] and rate adaptive [10, 21, 25–32]. The 
optimization objective of the margin adaptive is generally to minimize the con-
sumed power under given rate requirements of users, while the algorithms for the 
rate adaptive usually try to maximize the throughput of OFDM systems under trans-
mission power limitation. Particularly, with a given bandwidth, the rate adaptive is 
equivalent to the SE maximization.

Recently, the increasing awareness of green communication, which emphasizes 
on the EE, provides a new sight and inspiration for future wireless system design, 
promoting new waves of research and standard development activities. Compared 
with a large amount of work has been devoted to enhancing the throughput or the 
SE of OFDM systems, the EE is not much concerned previously. However, the 
energy-efficient resource allocation has been put on the agenda in both industry 
and academia, especially for the OFDM-based system, which serves as the most 
promising modulation technique for future wireless networks. Thus, an emerging 
class of resource allocation is catalyzed by the development of green communica-
tion, known as energy-efficient resource allocation [13–17, 33–35], which aims to 
maximize the overall EE of OFDM systems.

2.1.5 � General Problem of RA in Multiuser OFDM Systems

Without loss of generality, we consider a multiuser OFDM system with K  users 
denoted by the set K K= { }1 2, ,....., . The total bandwidth W  is divided into N  
subchannels, denoted by N N= { }1 2, ,....., . The data rate of the kth user, Rk, in 
bits/s is given by
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�
(2.1)

where ,k nρ  is the subchannel allocation index indicating whether the kth user oc-
cupies the nth subchannel. If subchannel n is assigned to user k, , 1k nρ = ; otherwise, 

, 0k nρ = . ,k nγ  represents the signal-to-noise ratio (SNR) of the nth subchannel used 
by the kth user, which is given by

�
(2.2)

where ,k nρ  and Hk n,  denote the amount of power allocated to the kth user over 
the nth subchannel and the channel-to-noise ratio of the nth subchannel used by 
the kth user, respectively. hk n,  signifies the channel gain for the kth user on the nth 
subchannel, and 0

W
N

N
 is the noise power over each subchannel with N0  as the 

power spectral density of additive white Gaussian noise (AWGN). Γ  is the SNR 
gap in practical modulation schemes, where an effective SNR should be adjusted 
according to the modulation scheme for a desired bit-error-rate (BER). The power 
loss, defined as the difference between the SNR for achieving a certain data rate for 
a practical system and that for the theoretical limit, is called the SNR gap. Thus, the 
SNR gap can be described as a function of BER.

For instance, the BER for an AWGN channel adopting multilevel quadrature 
amplitude modulation (MQAM) and ideal coherence phase detection is bounded 
by [36]

� (2.3)

where M r= 2  with r  denoting the number of bits. On condition that r ≥ 2  and 
0 30dBγ≤ ≤ , BER can be approximated within 1 dB by [37]

� (2.4)

and the SNR gap Γ  is

� (2.5)

For simplicity, the subchannel and power allocation problem is written into a gen-
eral form as follows,
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�

(2.6)

where C1 and C2 indicate each subchannel can be assigned to only one SU. C4 
gives the total power limit for the OFDM network. C5 implies either fixed or vari-
able rate requirements of users. For instance, C5 can be fixed rate requirement of 
individual or the overall throughput, or it can be proportional rate constraints to 
preserve the fairness among users.

Concerning the three types of dynamic resource allocation introduced in the pre-
vious section, the objective for the subchannel and power allocation can be respec-
tively described as follows,

•	 Margin adaptive

•	 Rate adaptive (equivalent to Spectral efficient RA)

which can be equally written into

•	 Energy-efficient RA

The metric of EE is defined as the system throughput per unit energy consumption,
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Thus the objective of optimization problem is

or

In short, the problem in each class is formulated accordingly and the optimal solu-
tion is obtained by different optimization techniques. Sometimes, suboptimal al-
gorithms are preferred in real-time practical applications, due to the unaffordable 
computational complexity for achieving optimal solutions.

2.2 � Resource Allocation in CR Systems

For the arising OFDM-based CR networks, dynamic resource allocation is of para-
mount importance because it is the prerequisite to achieve high system performance, 
such as capacity and quality of service (QoS), with limited resources. Resource al-
location in an OFDM-based CR network, however, is more complex than that in a 
conventional OFDM system since the PUs may not adopt OFDM modulation, lead-
ing to the interference between the two systems. Moreover, the unavoidable sens-
ing errors in the CR network can aggravate the interference, and the interference 
introduced to the PUs must be carefully controlled below a predefined threshold to 
prevent the unacceptable degeneration of the performance of the PUs.

2.2.1 � Primary/Secondary Network Models

From both theoretical and practical perspectives, there are two general types of CR 
networks. One is the infrastructure-based network where multiple SUs are served 
by a common access point (AP), as illustrated in Fig. 2.4a; the other is the ad-hoc 
manner, as shown in Fig. 2.4b, which consists of multiple distributed secondary 
links.

In the infrastructure CR network, the SUs communicates with the CR AP, to 
some extent, the CR base station; that is, the common AP is usually correspond 
to one particular cell in a CR cellular network, coordinating the transmission of 
secondary system. In this case, the downlink and uplink transmission can be mod-
eled as a broadcast channel and a multiple access channel, respectively. With re-
gard to ad-hoc secondary networks, because a secondary terminal can be both a 
transmitter and a receiver, it is generally described as an interference channel. For 
a certain receiver, it will receive the signals from the direct-link channel from its 
corresponding transmitter, as well as the signals from the cross-link channels from 
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other transmitters. In the both types of networks, the mutual interference between 
primary system and secondary system should be taken into consideration.

In order to perform the dynamic resource allocation based on the CSI of SUs, the 
channels are assumed constant for a transitory and fixed transmission frame, such as 
one frequency-bin in OFDM systems. Generally speaking, the secondary transmit-
ting terminal needs to satisfy two types of power constraints for dynamic resource 
allocation: CR transmission power budget and the limitation of interference level 
to the PUs.

2.2.2 � CR Operation Models

To date, in spite of assorted operation models proposed for CR networks, there is 
no consensus on the terminology used for the associated definitions yet [38, 39]. By 
and large, there are two most popular basic operation models for CR: opportunistic 
spectrum access and spectrum sharing.

Specifically, the former allows SUs to transmit over the non-active frequency 
bands, namely spectrum holes, where no PUs are transmitting over this band. In this 
case, spectrum sensing serves as an indispensable technique to enable the imple-
mentation of opportunistic spectrum access; that is, the SUs try to detect the active 
PU transmissions over the band individually or cooperatively, and then decide to 
transmit on the non-active bands, where the PUs’ signals are inactive with a high 
probability, indicated by the spectrum sensing results. Spectrum sensing is a hot 

Fig. 2.4   CR networks. a Infrastructure-based manner. b Ad-hoc manner
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issue in CR technology and interested readers may refer to [40–43] to have a close 
overview of the state-of-the-art development in this area.

As a counterpart, the scenario that SUs are allowed to transmit simultaneously 
with PUs at the same bands even if they are carrying PUs’ signals is termed spec-
trum sharing. The permission of secondary access, however, rests on the premise 
that the performance degradation of each PU caused by the interference introduced 
by the SUs is within a tolerable range. While the heated debate on which operation 
model is preferable for the deployment of CR in practical systems has intensified in 
recent years, there is still a lack of rigorous comparative studies for these two mod-
els, concerning the tradeoffs between spectrum efficiency and implementation cost.

Since the spectrum sensing model allows simultaneous transmission of SUs and 
PUs in the same band, it can more efficiently capitalize on the limited spectrum 
compared with opportunistic spectrum access model. Therefore, in this brief, we 
will mainly focus on the spectrum sharing model, which is also more effective and 
tractable for CR to manipulate the interference to PU links.

2.2.3 � Interference Management

One of the main challenges in CR networks lies in the interference management for 
both opportunistic spectrum access and spectrum sharing. The mutual interference 
between the primary and the secondary system makes the resource allocation prob-
lem in CR networks much more complex than that in traditional OFDM systems.

Although it is true that opportunistic spectrum access, which always utilizes the 
spectrum holes, can theoretically avoid generating interference to the active bands 
used by PUs, perfect spectrum sensing is too difficult to achieve in practical wire-
less scenarios. Even if some subchannels adjacent to active PU band are set as 
guard bands and not used by the SUs, it can only reduce, instead of eliminating the 
interference caused by imperfect spectrum sensing. There are typically two kinds of 
sensingerrors. The first is misdetection, which occurs when the CR system fails to 
detect the active PU signal over a certain subchannel and identify it as vacant. The 
other of sensing error is known as false alarm, which indicates that the CR system 
identify a subchannel is unavailable while it is vacant actually. The former will 
incur interference to the PUs while the latter will lower the spectrum utilization. 
The active PU bands, spectrum holes, guard bands and spectrum sensing errors at a 
particular location and time are illustrated in Fig. 2.5. For spectrum sensing model, 
the simultaneous transmission of the PUs and the SUs at the same band will appar-
ently result in the co-channel interference.

To protect the PUs, we have to impose a constraint on the maximum interference 
power at the receiver of each PU, also referred to as interference temperature. Spe-
cifically, an interference-temperature limit provides a worst case to characterize the 
radio environment at a particular frequency band as well as a particular geographic 
location, where the receiver could be expected to operate satisfactorily. The recom-
mendation of interference temperature contributes to an accurate measurement for 
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an acceptable interference level at the receiver side in the frequency band of inter-
est. It serves as the maximal tolerance for potential interference power that can be 
introduced into this band; that is, given a particular frequency band in which the 
interference temperature is not exceeded, it indicates that this band is available to 
users not serviced.

Taking advantage of interference-temperature limit, the interference manage-
ment in dynamic resource allocation can be mathematically described by limiting 
the interference power at each PU band below a prescribed threshold.

2.2.4 � General Problem of RA in OFDM-Based CR Systems

Consider the downlink of an OFDM-based CR system with K  SUs, denoted by 
K K= { }1 2, ,....., , coexisting with L  PUs in a licensed system. The CR system 
adopts OFDM modulation and operates in a centralized manner, that is, an AP 
serves all SUs in the CR network, just as a conventional base station does. Many 
practical wireless systems, however, employ different modulation schemes current-
ly or in the foreseeable future. So the primary system is not assumed to use OFDM 
here. We assume that perfect CSI is available at the transceivers of the SUs and the 
PUs. The whole available bandwidth W  is divided into N  subchannels, denoted by 
N N= { }1 2, ,...., . The bandwidth of the nth subchannel spans from f n B0 1+ −( )  to 
f nB0 + , where f0

 is the starting frequency and B W N= / .
Assume the lth PU’s nominal band ranges from fl   to f Bl l+ , where fl

 and Bl
 are 

the lth PU’s starting frequency and bandwidth, respectively, the interference intro-
duced to the lth PU by an SU’ access on the nth subchannel with unit transmission 
power is
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Fig. 2.5   Active bands, guard bands, spectrum holes and CR OFDM subchannels
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where gn l
SP
,  represents the power gain from the CR AP to the lth PU’s receiver on 

the nth subchannel. ( )fφ  is the baseband power spectral density (PSD) of OFDM 

signal with 
2
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 
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, where T  is OFDM symbol duration.

Similarly, the interference cast by the lth PU into the nth subchannel used by the 
kth SU is given by

� (2.8)

where ( )l fφ  is the PSD of the lth PU’s signal and gk n l
PS
, ,

 is the power gain from the 
lth PU’s transmitter to the receiver of the kth SU over the nth subchannel.

Let ,k nγ  denote the transmission rate of the nth subchannel used by the kth SU
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where Pk n,  is the power distributed to the nth subchannel of the kth SU and hk n,  is 
the channel gain from the CR AP to the kth SU’s receiver over the nth subchannel. 
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Generally, the optimization objective of resource allocation in CR networks basi-
cally coincide with that in OFDM systems as introduced in the previous sections, 
such as consumed power minimization, rate/spectral-efficiency maximization and 
energy-efficiency maximization. However, the additional constraint on the interfer-
ence power at each PU evaluated by the interference temperature makes the prob-
lem more intricate. That is to say, the interference introduced by the secondary 
access to each PU must be regulated below the preset threshold Il

th  recommended 
by the interference temperature. Mathematically, these additional interference con-
straints should be added into the optimization problem (2.6) as concerning the RA 
in CR systems, which are

Thus, many existing RA algorithms for OFDM systems are no longer suitable.

2.3 � Summary

This chapter outlines the dynamic resource allocation in both multiuser OFDM sys-
tems and OFDM-based CR networks. We have detailed the motivation and essence 
of dynamic resource allocation, and also provided its general mathematical form. 
With emphasis on system efficiency and user fairness, dynamic resource allocation 
is a vital technique to achieve frequency and multiuser diversity. Besides, the bur-
geoning CR technology evokes a new study branch for resource allocation, which 
integrates the interference management into the problem and formulates a more 
complicated optimization problem.

In a nutshell, inspired by the nature of wireless channel, dynamic resource al-
location in OFDM-based systems is expected to optimize the preferred performance 
of system by flexibly allocating subchannels and power to users. The algorithms to 
solve these problems will be elaborated in depth in the following chapters, particu-
larly focused on the spectral- and energy-efficient resource allocation in OFDM-
based CR networks [45–51].
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Chapter 3
Spectral-Efficient Resource Allocation  
in CR Systems

Spectral efficiency (SE), defined as the system throughput per unit of bandwidth, is 
a prevalent criterion for wireless network optimization. For instance, the peak value 
of SE is always taken as one of the pivotal indicators of 3rd Generation Partnership 
Project (3GPP) evolution for network performance. Particularly, in OFDM-based 
systems with a given bandwidth, dynamic resource allocation is always carried out 
to explore the potential system throughput by making efficient use of channel char-
acteristics.

3.1 � Single-User CR Systems

3.1.1 � System Model

Basically, we consider the downlink of a single-user CR system coexisting and 
sharing radio spectrum with a licensed primary system with L PUs. The CR system 
is assumed to operate with OFDM modulation while it is not necessary for the PUs 
to adopt OFDM. The PUs are served by a base station and the SUs access the CR 
network via a CR AP as shown in Fig. 3.1.

The total bandwidth W  is divided into N  OFDM subchannels in the CR network. 

The bandwidth of the nth subchannel spans from f n
W

N0 1+ −( )  to f n
W

N0 + , where 

f0
 is the starting frequency. The spectrum of the lth PU spans from fl

 to f Wl l+ .
The interference introduced to the lth PU by the transmission on the nth sub-

channel with unit power is In l
SP
, , given by

where gn l
SP
,  is the power gain from the CR AP to the lth PU’s receiver. The interfer-
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which can be regarded as noise and measured by the receiver of an SU. Thus, the 
SNR of the nth subchannel with unit power is

where N0 is the PSD of the additive white Gaussian noise and hn is the channel gain 
from the CR AP to the receiver of the SU.

The achievable rate of the CR system can be calculated by

where Γ  represents the SNR gap and we can take Γ = −
ln( )

.

5

1 5
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Fig. 3.1   Channel model for primary/secondary network with single SU
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3.1.2 � Problem Formulation

We expect to maximize the SE of the CR network, while the interference introduced 
to each PU band should be controlled below a given threshold prescribed by the 
interference temperature. Besides, the transmission power of the CR AP is limited 
by a certain budget. In a signal-user CR system, all subchannels are used by the 
single SU and the resource allocation problem is simplified into power loading; that 
is, under the interference and power budget constraints, the limited power should 
be dynamically allocated to each subchannel in order to maximize the SE of the CR 
system. Thus, the concerned problem can be mathematically written into

�

(3.1)

Here, pn is the power allocated over the nth subchannel that needs to be optimized. 
The constraint C1 describes the total transmission limit at the CR AP, bounded by 
the maximum transmission power Pt . C3 constrains the interference power at the lth  
PU band below its interference tolerance Il

th.

3.1.3 � Fast Barrier Algorithm

According to [1], (3.1) defines a convex optimization problem with N L+ +1 in-
equality constraints. The optimization variables pn’s can be denoted by a vector p 
with p p pN= …{ , , }1 . Generally, the global optimal solution of the problem (3.1) 
can be obtained by standard convex optimization techniques with a typical com-
plexity of O N( )3 , such as the barrier method. However, a practical wireless system 
cannot afford such high computational cost for online process, since there are al-
ways thousands of subchannels in an OFDM system.

Thus, we hope to reduce the complexity while figuring out the global optimal 
solution of the problem. Inspired by the special structure of (3.1), we propose a fast 
barrier method to solve it with a much lower complexity of O L N( )2  [2]. Obviously, 
for a given number of PUs, the complexity of our proposal is approximately linear 
to the number of subchannels, dramatically reducing the high computational load in 
the standard algorithm.

With the barrier method, the original problem is converted into a sequence of 
unconstrained minimization problem by exploiting a logarithmic barrier function 
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with parameter t , which indicates the accuracy of the approximation. Then, these 
unconstrained optimization problems are solved by Newton method.

The barrier function of problem (3.1) is

Let f p( ) denote the objective function of problem (3.1) with

For convenient calculation in the following steps, the binary logarithmic function 
log (.)2  in the objective function in replaced by a natural logarithmic function log(.),  
which will not change the solution to the original problem.

Accordingly, the optimal solution of (3.1) can be approximated by solving the 
following unconstrained minimization problem [62]

�
(3.2)

with t > 0. The solution to each minimization problem is called a central point in 
the central path related to the original problem. As t  increases, the central point will 
be more and more accurately approximated to the optimal solution of the original 
problem. The outline of the barrier method is detailed in Table 3.1.

The unconstrained problem (3.2) can be addressed by Newton method. Specifi-
cally, Newton method is carried out during the centering step for searching the 
optimal p* to minimize ( )t pψ . The procedure of Newton method is summarized in 
Table 3.2.

The Newton Step is given by the following equation,

� (3.3)
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Initialization Given a strictly feasible starting point , , 
, tolerance .

Repeat a) Centering Step. Solve (3.2), starting at   ,   
to obtain its optimal solution ;

b) Update. ;

c) Stopping Criterion. ;

d) Increase. .

Table 3.1   Barrier method
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Where 2 ( )t pψ∇  and ( )t pψ∇  are the Hessian and the gradient of ( )t pψ , respective-
ly. Generally, it would cost O N( )3  if the Newton step in (3.3) is worked out by ma-
trix inversion, which introduces the major computational load of the barrier method.

In other words, if we can reduce the complexity for computing Newton step, 
the major limitation imposed on the barrier method for practical application will be 
eliminated. Based on such an expectation, we further explore the structure of the 
equation (3.3) and find its special feature which makes fast calculation of Newton 
step possible. The matrix 2 ( )t pψ∇  is given by

where D D D DN= …diag( , , , )1 2
 with D

t

N

H
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n

n n
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+

2
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, f P pt n
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f I I p l Ll l
th

n l
SP

n
n

N

= − = …
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∑ , , , ,1
1

. For simplicity, the Hession of ( )t pψ  can be con-

sequently decomposed into a diagonal matrix and several rank-one matrices as 
follows,

� (3.4)

where M L= +1, g f p f p1 0 0= ∇ ( ) ( )/  and g f p f p m Lm m m+ = ∇ = …1 1( ) / ( ), , , . It can 
be proved that the Hessian is positive definite because the diagonal matrix D has 
D nn > ∀0,  and all g p g p m Mm m

T( ) ( ) , , ,> = …0 1 .
Consider the special structure shown in (3.4), we derive a fast algorithm to 

speed up the computation of Newton step based on matrix inversion lemma [3]. 
Denote 0 ( )tg pψ= −∇ , the procedure of an M-step iterative algorithm is detailed 
in Table 3.3.
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Initialization A feasible starting point , , 
tolerance .

Repeat a) Compute Newton step and ;

b) Quit if ;

c) Backtracking line search on . .
while

endwhile 

d) Update 

Table 3.2   Newton method
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The iterative algorithm for the fast computation of Newton step can be explained 
as follows: First, we solve M +1 matrix systems 0

1, 1, , 1i iD g i Mν −= = … +  for 
initialization; then we employ matrix inversion lemma to work out the one-rank up-
date of ps n, , 1

iν  in 1
1( ) , 1, ,T

M M i iD g g g i Mν −+ = = …  using the known variables 0
iν ’s  

directly. Such process is executed step by step until we solve the matrix system 
(3.3), which requires M step for updating.

Particularly, since D is a diagonal matrix, the M +1  matrix system in the initial-
ization step can be quickly solved by

which costs O N( )  for solving each equation.
In terms of computational load, the complexity of the barrier method is mainly 

caused by the calculation of Newton step. Instead of using matrix inversion, a fast 
algorithm is proposed to speed up the computation of Newton step. The complexity 
of the fast algorithm can be analyzed as follows. The M +1  matrix systems for the 
initialization can be solved with complexity of O MN( ) as discussed above; then 
the M-step one-rank update is carried out as shown in Table 3.3. The complexity 
is roughly O M N( )2 . Thus, we can conclude that the complexity to work out the 
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Table 3.3   Algorithm for fast computation of Newton step
Initialization 0

1, 1, , 1i iD g i Mν −= = … +

Step 1 Solve the M  equations 1
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optimal solution can be measured by O M N( )2 . Compared to the standard matrix 
inversion which generates a complexity of O M N( )2 , the computational cost of our 
proposal is significantly reduced since it usually follows that M N�  in practical 
systems.

3.1.4 � Numerical Results

A series of numerical experiments are conducted to evaluate the performance of 
our proposed algorithm. Consider an OFDM-based CR system, each PU occupies 
random bandwidth which spans some continuous subchannels. The noise power is 
10 13− W and the interference threshold of all PUs are set to 5 10 13× − W. The channel 
suffers from frequency selective fading. The path loss exponent is 4, the variance of 
logarithmic normal shadow fading is 10 dB and the amplitude of multipath fading 
is Rayleigh. The parameters of the barrier method are set to typical values as in and 
initialized with a strictly feasible solution generated by

First we explore the achievable capacity of the CR system of our proposed power 
allocation algorithm for different numbers of subchannels with P Lt = =1 2W, . 
Here, we compare our proposed optimal power allocation scheme with other two 
heuristic algorithms:

1.	 Greedy Max-Min algorithm in [4], which is developed to solve the formulated 
multidimensional 0-1 knapsack problem for power allocation.

2.	 Efficient bit-loading algorithm in [5], which always picks the bit with lowest cost 
to allocated to subchannels.

As listed in Table 3.4, our proposal outperforms the other two algorithms because it 
can always work out the optimal solutions. On the other hand, the suboptimal solu-
tions given by the heuristic algorithms have a significant gap with the optimal ones. 
From the numerical results shown in Table 3.4, it is indicated that our proposed 
algorithm has a visible capacity gain compared to algorithms proposed in and [5].

We also investigate the convergence performance of our proposal in terms of 
the number of Newton iterations in Figs. 3.2 and 3.3. As aforementioned analysis, 
the computational load mainly lies in the computation of Newton step. That is to 
say, if the number of Newton iterations is large or varies in a wide range, the al-
gorithm would be difficult to be applied to practical wireless systems. Figures 3.2 
and 3.3 show that it is not the case for our proposed method for all concerned set-
tings. Figure 3.2 depicts the number of Newton iterations for the barrier method 
to converge in 100 random instances for N = 64 and N = 1024, respectively. For 
a given number of subchannels, the number of Newton iterations remains stable 
with a small average value. Compared Fig. 3.2a, b, we can find that the number of 
Newton iterations varies in a narrow range, despite large variation in the number 
of subchannels. In Fig.  3.3, we give the cumulative distribution function (CDF) 
of Newton iterations of the barrier method with a duality gap of less than 10 3−  for 

p P N I I nn t n l l
th

n l
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different number of subchannels. It also demonstrates the stability of the number of 
Newton iterations. Although it is true that more subchannels result in more Newton 
iterations, the increase of the number of Newton iteration is quite slow and accept-
able for practical applications. All these observations validate the efficient conver-
gence of our proposed method.

To further manifest the efficiency of our proposed algorithm, the time cost of the 
fast barrier method is studied as well. In Fig. 3.4, we illustrate the average elapsed 
time in second of our proposed algorithm as a function of number of subchannels over 
1000 instances with P Lt = =1 2W, , compared to that of other heuristic algorithms in 
[4] and [5]. The time consumption is counted by in-built tic-toc function in Matlab. 
From Fig. 3.4, it is shown that the algorithm in consumes much more time than our 
method and also grows more sharply with the increase of the number of subchannels 
while it only produces suboptimal solutions. In addition, although the time cost of 
our method is slightly higher than that of the algorithm developed in [5], our proposal 

Table 3.4   Total number of allocated bits in the CR system with P Lt = =1 2W,

N  (Number of subchannels) 64 128 256   512 1024

Our proposal 252 449 810 1252 1888
Algorithm in [4] 250 444 802 1238 1863
Algorithm in [5] 244 434 783 1211 1829

Fig. 3.2   Number of Newton iterations required for convergence for 100 channel realizations. 
a N = 64. b N = 1024
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can achieve a larger sum capacity gain. On the other hand, we can conservatively 
conclude that the consumed time could be further reduced for specialized computing 
platform, which makes our proposal promising for possible applications.

3.2 � Multi-User CR Systems

3.2.1 � System Model & Problem Formulation

In this section, we consider the downlink of a multiuser CR system served by an 
exclusive CR AP, coexisting with a licensed primary system with multiple PUs, 

Fig. 3.3   CDF of number of Newton iterations over instances with P Lt = =1 2W,

Fig. 3.4   Average elapsed time versus number of subchannels with P Lt = =1 2W,
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as shown in Fig. 3.5. It is assumed that there are K  SUs and L  PUs, denoted by 
 = …{ , , }1 K  and  = …{ , , }1 L , respectively.

Typically, the total bandwidth W is divided into N  OFDM subchannels in the 
CR network and the bandwidth of the nth subchannel spans from f n W N0 1+ −( ) /  
to f nW N0 + / , where f0

 is the starting frequency. The spectrum of the lth PU spans 
from fl

 to f Wl l+ , where fl
 and Wl

 are the starting frequency and bandwidth of 
the lth PU band. Particularly, the PUs are not assumed to adopt OFDM modulation. 
The interference to the lth PU generated by secondary transmission over the nth 
subchannel is denoted by In l

SP
, , given by (2.7).

Let rk n,  represent the transmission rate of the kth SU on the nth subchannel in 
bits per symbol, we have

�

(3.5)

where pk n,  is the power allocated to the kth SU over the nth subchannel and hk n,  is 
the channel gain from the CR AP to the receiver of the kth SU of the nth subchannels. 
The interference caused by the PU’s signals on the nth subchannel used by the kth 
SU is Ik n

PS
, , which can be regarded as noise and measured by the receiver, or calcu-

lated by (2.8). For notation brevity, denote H
h

N W N Ik n

k n

k n
PS,

,

,

=
+

2

0 /
 as the SNR of the 

nth subchannel used by the kth SU with unit power. Accordingly, the achievable rate 
of the kth SU is

�
(3.6)

where ,k nρ ’s are the subchannel assignment indices, informing whether the nth sub-
channel is allocated to the kth SU; that is, , 1k nρ =  indicates that the nth subchannel 
is assigned to the kth SU while , 0k nρ =  implies the opposite condition. In practical 
system, each subchannel can only be used by one SU.

r
p h

N W N Ik n

k n k n

k n
PS,

, ,

,

log
( )

= +
+







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, ,
,

1

log 1
N

k n k n
k k n

n

p H
R ρ

=

 
= + Γ ∑

Fig. 3.5   System model for primary/secondary network with multiple SUs
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To reflect the practical situations in wireless communication, heterogeneous ser-
vices, for both real-time (RT) SUs and non-real-time (NRT) SUs are considered 
for the resource allocation optimization. Thus, the K  SUs are classified into two 
categories: K1

 RT SUs with individual minimal rate requirement Rk min,  and K K− 1
 

NRT users. In terms of spectral efficient resource allocation, we equivalently try to 
maximize the sum rate of the NRT SUs while guaranteeing the minimal required 
rate of the RT SUs under the total transmission budget and interference limits. 
Mathematically, the concerned optimization problem can be described as follows,

�

(3.7)

where Pt
 is the transmission power limit of the CR AP, and Il

th is the maximum 
interference tolerance of the lth PU band. In the above problem, C1 and C2 are the 
transmission power constraints, while C4 is the interference limits set by PUs. C3 
describe the minimal rate requirements of RT SUs. C5 and C6 declare that each 
subchannel is kept from being shared among multiple SUs.

3.2.2 � Relaxation Method

Obviously, (3.7) defines a mixed integer programming problem since both binary 
variables ,k nρ ’s and real variables ,k nρ ’s are involved. The main difficulty of solving 
(3.7) mainly lies in the integer constraints C6, which generates K N possible sub-
channel assignments if using an exhaustive search. It is apparently impractical even 
for a middle number of OFDM subchannels, let alone the thousands subchannels in 
practical wireless systems.

An intuitive way to address such problems is the relaxation method, which re-
laxes the integer variables into continuous ones. To be specific, redefine , [0,1]k nρ ∈  
as the fraction of the nth subchannel allocated to the kth SU, temporarily permitting 
multiple SUs to share the same subchannel. Let sk n,  characterize the actual power 
consumption of the kth user on the nth subchannel in a time frame interval, it fol-
lows that , , ,k n k n k ns pρ= . Then, the original problem (3.7) can be converted into

1
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�

(3.8)

Note that the constraint , 1k nρ ≤  is implied by C5 and C6, which can be omitted.
It is easy to prove that (3.8) is a convex optimization problem which can be 

solved by convex optimization techniques. The optimal solution to the above prob-
lem serve as an upper bound of the problem (3.7) because all feasible solutions 
to the original problem fall into the solution space of the relaxed one. Since the 
solution to the above problem contains sharing factors ,k nρ ’s which are not binary 
variables, rounding is necessary to obtain a feasible subchannel assignment to the 
original problem. Then power distribution among subchannels has to be re-allo-
cated accurately with a given subchannel assignment after rounding procedure, in 
order to guarantee the feasible solution to (3.7).

Generally, it requires O KN N(( ) )2 3+  for standard techniques to solve the re-
laxed problem (3.8). Inspired by the fast barrier method for optimal power allocation 
analyzed in Chap. 3, Sect, 3.1.3, can we develop a similar fast algorithm to reduce 
the computational cost of solving (3.8)? Based on this purpose, we further explore 
the structure of the above problem.

First, according to the barrier method, the optimal solution to (3.8) can be ap-
proximated by a set of equality constrained minimization problems as follows,

�

(3.9)

where x KN∈ ×2 1 is the optimization variable including ,k nρ ’s and ,k nρ ’s, i.e. 
1,1 1,1 , ,( , , , , )K N K Nx S Sρ ρ= … . f x( ) is taken as the objective function in (3.8). For 
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,
1 1

, ,min 1
1

, , 1
1 1

, 1

, 1, , , 1

, 1, , , 1,

K N

t k n
k n

N

i k n k
n

K N
th SP
l k n n l

k n

P s i

f r R k K i k

I s I l L i K L

= =

=

= =


− =




= − = = +



− = = + +


∑∑

∑

∑∑

…

…

we have

With a given parameter t  during the centering step in the barrier method, Newton 
method is utilized to compute the central point. Newton step ∆x  and the associated 
dual variable are given by

�
(3.10)

where 0n
N NR∈ ×  is a zero matrix and 0 1

v
NR∈ ×  is a zero vector. A is a 2KN N×  

matrix in which A m k N n k nm n2 1 1, , ( ) , ,= = − + ∀  and the other elements are all ze-
roes. For more detailed procedure of the barrier method and Newton method, refer 
to the Chaps. 9 and 10 in [1], similar to that in Tables 3.1 and 3.2.

We find that the Hessian of Ψt x( ) in (3.10) also can be decomposed into the 
similar structure as (3.4), that is

�
(3.11)
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According to the analysis above, we find that matrix system (3.10) for New-
ton step also can be efficiently solved by the fast barrier method which we have 
proposed in Sect. 3.1.3. The idea for deriving the fast computation of Newton step 
is similar to that in Table 3.3, which will not be elaborated in this section. The major 
difference lies in the initialization step for solving M +1 matrix systems, which is 
more intricate in this problem. Thus, we intend to specify the method for efficient 
initialization, where the matrix systems can be written into a general form,

�
(3.12)

It follows

�

(3.13)

Substituting (3.13) into (3.12), we have

and then all other 0
iυ ’s can be obtained by substituting 0

2KN nυ +  into (3.13). The com-
putation cost is O KN( ). The total computational complexity of fast barrier method 
for solving this relaxed problem is bounded by O M KN( )2 .

The solution to (3.8) is not feasible for the original problem because the ,k nρ ’s 
are not binary variables now. Thus, after solving the relaxed problem, a rounding 
procedure is carried out for subchannel assignment. Intuitively, larger ,k nρ  implies 
the kth SU obtains higher rate over the nth subchannel. It is reasonable to allocate 
the nth subchannel to the k* th SU who has the largest ,k nρ  over this channel.

To ensure the feasibility of solution to the original problem, the power should 
be re-allocated among subchannels with the given subchannel allocation. Since the 
binary variables are fixed to 0 or 1, the C5 and C6 constraints in the problem (3.7) 
vanish. Let Ωk

 denote the subchannel set of the kth SU, the optimal power alloca-
tion is formulated as follows,

�

(3.14)
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Note that the power allocation problem is also a convex optimization problem with 
inequality constraints, whose structure is similar to the problem (3.1). Consequent-
ly, the problem can be addressed by the proposed fast barrier method as that in 
Sect. 3.1.3. Similarly, the computational cost for optimal power allocation using fast 
barrier method is measured by O L N( )2  where L  and N  are the number of PUs and 
subchannels, respectively. More details about the fast barrier method for solving the 
above problem can be found in [6].

Actually, only few subchannels are shared among multiple SUs as ,k nρ  is mostly 
either 1 or 0 for K N� , given by the optimal solution of the relaxed problem [7]. It 
means that the relaxation method can achieve approximate optimal solution to the 
original problem, which is also verified by the simulation results given at the end 
of this chapter.

3.2.3 � Two-Stage Method

To further reduce the complexity, we propose a two-stage approach, which address-
es the problem (3.7) by solving the subchannel assignment and power allocation 
separately. At the first stage, subchannel allocation is implemented via a simple but 
effective heuristic method, which removes the integer constraints in the original 
problem. During the second stage, power distribution among subchannels is carried 
out. It is expected to maximize the sum rate of the NRT SUs while guaranteeing the 
minimal rate requirements of the RT SUs under the transmission power and interfer-
ence constraints.

•	 Subchannel assignment

The intuition of our method for subchannel assignment is as follows. In an OFDM-
based CR system, an OFDM subchannel with higher SNR for an SU may also 
generate more interference to PUs. It indicates that interference constraints also lay 
an upper bound for the transmission power over each subchannel. Thus, the SNR of 
an OFDM subchannel and the interference introduced to the PUs should be jointly 
considered to measure the condition of the subchannel. Here, we propose a metric 
evaluate the potential capacity of a subchannel, which gives the maximum achiev-
able rate of the nth subchannel used by the kth SU,

� (3.15)

where pk n
M
,  is the maximum possible transmission power for the kth SU on the nth 

subchannel, which is jointly determined by the power budget and the interference 
to PUs,

�
(3.16)

The channel capacity is normalized by (3.16), which is utilized as an assignment 
criterion for determining the subchannel allocation.
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Recall that Ωk
 denotes the set of subchannels allocated to the kth SU, the intu-

itiveness behind our subchannel allocation scheme is as follows. The RT SU whose 
current rate is the farthest away from his/her required rate has the priority to get a 
new subchannel among the available ones. Preferably, the subchannel with the high-
est achievable rate associated with an RT SU will be chosen in this step. The power 
distributed to a subchannel is temporally set as p P N I Ik n t l l

th
n l
SP

, ,min( ,min( ))=
∈

/ /


 to 
satisfy the power and interference constraints. Such procedure continues until all 
RT SUs meet their rate requirements. Then, each of the remaining subchannels is 
allocated to the NRT SU who has the highest achievable rate over this channel to 
roughly maximize the sum rate of the NRT SUs. The detail of subchannel allocation 
strategy is shown in Table 3.5.

•	 Power allocation

When the subchannel assignment is given, the power distribution among subchan-
nels will be carried out to solve the problem (3.14). As discussed above, its optimal 
solution can be derived by the fast barrier method we have proposed with complex-
ity of O L N( )2 .

Alternatively, we also propose a heuristic power allocation algorithm to approxi-
mate the optimal solution with lower complexity than the fast barrier method. In 
[5], the author introduces an index function to measure the cost of allocating each 
bit, based on which an efficient bit loading algorithm is developed. Similarly, we 
defined a normalized cost function indicating the cost of allocating certain rate on 
each subchannel,

�
(3.17)F r

e

e
c k n
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k n
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1

1

 
1.Initialization: 
2.  , ,  
3.  Set the RT SUs’ rates to zeros: , for  
4.For the RT SUs: 
5.While  and  for any  
6.     Find  satisfies  
7.     For , find  satisfies  
8.     Update  
9.     Update ,  
10.Endwhile 
11.For the NRT SUs: 
12.For  to length( ) 
13.    For , find  satisfies  
14.    Update  
15.Endfor 

Table 3.5   Subchannel allocation
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Here, the channel SNR and interference to PUs are jointly considered in the nor-
malized cost function, reflecting the ability of carrying bits for each subchannel. 
Based on (3.17), the power allocation problem (3.14) can be converted into its ap-
proximated form,

�

(3.18)

The parameter C is a constant determined by the transmission power and the in-
terference threshold, indicating the maximum sum capacity of all subchannels. The 
key idea of this transformation is to unify the constraints C2 and C3 in (3.14) into a 
normalized constraint C3 in (3.18). Note that the value of C is not necessary to be 
known in advance, which will be shown in the following paragraphs.

Then, KKT conditions are used to solve the problem. Without consideration of 
C2 in (3.18), the Lagrangian of the problem (3.18) is

where 0λ  and kµ  (k K= …1 1, , ) are the Lagrange multipliers with 0 0λ ≥  and 0kµ ≥ . 
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Accordingly, it follows

�
(3.19)

For the RT SUs, while the optimal solutions for the NRT SUs are

�
(3.20)

For the kth SU, denote Ωk
*  as the subchannels set in which rk n,

* ≥ 0. Sort the rk n,
* ’s in 

ascending order. For m n k, *∈Ω , we have

�

(3.21)

Let , ,
,

, ,

M
k m k mk

m n M
k n k m

p H

p H
ω =  and Nk k= Ω* , the rate of the kth user is given by

�

(3.22)

where rk , *
*

1  denotes the rate of the minimal value among subchannels in Ωk
*. Accord-

ing to (3.21) and (3.22), we can obtain the closed-form of rk n,
*  for the RT SUs with 

0kµ ≠ ,

For the NRT users, we have

�

(3.23)

where Pr
 and Il

r are the power consumption and the interference generated to the 
lth PU generated by the RT SUs, which are determined by the allocated rate to the 
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subchannels used by the RT SUs. The achievable rates of the NRT SUs are bounded 
by the remaining power budget and the tolerable interference power of each PU 
band. Based on (3.20) and (3.23), the minimal 

0λ , which allows the maximum sum 
rate of the NRT SUs, can be directly solved. More details about this heuristic power 
allocation algorithm can be found in [6].

Particularly, our proposed two-stage method is also effective to address the 
resource allocation problem for multiuser CR networks with proportional rate re-
quirements [8].

3.2.4 � Numerical Results

The performance of our proposed algorithms, including relaxation method (RM) 
and two-stage method(™), is evaluated through a series of experiments. For simula-
tion, we consider a multiuser OFDM-based CR system where all users are randomly 
located in a 3 3×   km area, and each receiver uniformly distributed in the circle 
within 0.5 km from its transmitter. The path loss exponent is 4. The variance of 
shadowing effect is 10 dB and the amplitude of multipath fading is Rayleigh. The 
bandwidth of each PU is assumed to be randomly generated by uniform distribution 
with the maximum value 2 3W L/ . The noise power is set to 10 13− W and the interfer-
ence threshold of each PU is 5 10 12× − W.

Specifically, we proposed three different resource allocation schemes for mul-
tiuser OFDM-based CR networks, that are, RM, TM with optimal power allocation 
(TM-OP) and TM with approximation power allocation (TM-SOP). We intend to 
compare our proposals with other two algorithms: maximum SNR priority (MSP) 
subchannel allocation and minimum interference priority (MIP) subchannel alloca-
tion, both of which adopt optimal power allocation. For the MSP, a subchannel is 
always assigned to the SU with the highest SNR over this channel, while the MIP 
prefer allocating a subchannel to the SU whose transmission over this channel gen-
erates the minimum interference to the PUs.

Figure 3.6 illustrates the average number of bits per symbol of the NRT SUs as a 
function of transmission power budget. There are two PUs and four SUs, including 
two RT SUs with uniform rate requirements 20 bit/symbol. The total bandwidth is 
divided into 64 OFDM subchannels in CR system. It can be observed that the sum 
rate of the NRT SUs increases with the growth of power limit. The performance of 
our proposed algorithms is much better than the MSP-OP and the MIP-OP schemes. 
Particularly, our proposed RM always performs the best, while the capacity loss of 
the TM-SOP compared to the TM-OP is slight.

We also give the average sum rate of the NRT SUs versus the number of sub-
channels in Fig. 3.7. Assume P K K Lt = = = =1 4 2 21W, , ,  and Rk min, = 20 bit/sym-
bol. The phenomenon that more subchannels contribute to more capacity can be 
explained by the effect of channel diversity. To put it in another way, with more 
available subchannels, an SU is more likely to choose subchannels with high chan-
nel gains, which will definitely result in higher system capacity. However, the MSP-
OP and MIP-OP schemes, which fail to well evaluate the condition of subchannels, 
are unable to effectively utilize the channel diversity effect and achieve much lower 
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capacity than our proposed algorithms. Note that when N  is sufficiently large, the 
performance loss due to the heuristic subchannel allocation method in the TM-SOP 
is neglectful, which suggests its possible application in practical because there are 
always thousands of subchannels.

Fig. 3.6   Average number of bits per OFDM symbol of NRT SUs as a function of Pt. Rk min, = 20 bit/
symbol, N K K L= = = =64 4 2 21, , ,

Fig. 3.7   Average number of bits per OFDM symbol of NRT SUs as a function of the number of 
subchannels. Rk min, = 20 bit/symbol, P W K K Lt = = = =1 4 2 21, , ,
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Figure 3.8 discloses another important characteristic in multiuser wireless sys-
tem, that is, multiuser diversity. We have N = 128, Pt = 1 W and Rk min, = 10 bit/sym-
bol. The number of the RT SUs is fixed to 4, while the number of the NRT SUs 
varies from 1 to 16. More NRT SUs lead to more chances for a subchannel to be 
assigned to an SU with higher channel gain, which makes more achievable capacity 
of the NRT SUs. The results in Fig. 3.8 are coincident with the theoretical analysis 
that the sum rate of the NRT users increases with more NRT SUs. Also, our pro-
posed algorithm exhibit significant superiority over the MSP-OP and the MIP-OP.

On the other hand, we also study the sum rate of the NRT SUs versus the number 
of the RT SUs. Here, we set Rk min, = 10  bit/symbol, P W N Lt = = =1 128 2, ,  with 
four NRT SUs. The number of the RT SUs varies from 2 to 16. The curve shown 
in Fig.  3.9 reveals that the sum capacity of NRT SUs decreases when there are 
more RT SUs. It can be explained intuitively that more subchannels and power are 
consumed by the RT services when more RT SUs try to access with its minimal 
rate requirements. In this case, the limited radio resource becomes more frequently 
exhausted, which intensifies the capacity loss of the NRT users.

Synthesizing the above simulation results, the performance of our proposed al-
gorithms is mainly evaluated in terms of capacity with various setting. In a nut-
shell, our proposed algorithms can always achieve more capacity than the other 
two schemes. The poor performance of the MSP-OP and the MIP-OP is attributed 
to their stereotyped subchannel allocation strategies, which fail to jointly consider 
the channel SNR and the interference level. For our proposed algorithms, the RM 
always performs the best, and the TM-SOP can achieve almost the same capacity 
of the TM-OP in most cases. Particularly, the remarkable performance of the RM 
compensates for its relatively high computational load, while both of the TM-OP 
and the TM-SOP can achieve about 95 % capacity of the RM.

Fig. 3.8   Average number of bits per OFDM symbol of NRT SUs as a function of the number of 
NRT SUs. Rk min, = 10 bit/symbol, N K L= = =128 4 21, ,
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Finally, we investigate the convergence of the fast barrier method, focusing on 
the number of Newton iterations. The number of Newton iterations for fast barrier 
method to solve the relaxed RA problem and optimal power allocation are shown 
in Fig. 3.10a, b, respectively. For a guaranteed duality gap of 10 3− , the number of 
Newton iterations varies in a relatively narrow range for both optimal RA based on 
relaxation and power allocation. Such an observation demonstrates the promising 
convergence performance of our proposed fast barrier method.

3.3 � Relay-Enhanced CR Systems

In recent year, relay has emerged as a potential technology to utilize the spatial 
diversity in wireless environment. By improving the SE and enlarging the cover-
age area, relay communication can enhance the overall performance of wireless 
systems. The channel capacity for a basic three-node relay system with a source 
node (SN), a relay node (RN) and destination node (DN) is analyzed in [9]. There 
are three major relay transmission protocols: amplify-and-forward (AF), decode-
and-forward (DF) and coded cooperation, as discussed in [10]. Due to its inherent 
advantages in wireless communications, cooperative relay has been introduced to 
the standard of the next generation cellular systems, such as the Long Term Evolu-
tion Advanced (LTE-Advanced).

Cooperative relay is also a good fit for CR systems. Sometimes, reliable trans-
mission between a certain pair of CR nodes may require high power, resulting in 
heavy interference to the primary system. In this case, conventional direct transmis-

Fig. 3.9   Average number of bits per OFDM symbol of NRT SUs as a function of the number of 
RT SUs. Rk min, = 10 bit/symbol, N K K L= − = =128 4 21, ,



493.3 � Relay-Enhanced CR Systems�

sion is no longer permitted [11]. Instead, cooperative relay can not only weaken 
the effect of multipath fading, but also reduce the required transmission power by 
generating alternative paths between the source node and the destination [12, 13]. 
Thus, the interference cast to the primary system can be alleviated to some extent.

In this section, we study the basic framework of three-node relay systems and 
then propose our algorithms for resource allocation in more complex and practical 
multiuser relaying CR systems.

3.3.1 � Three-Node Relay System

Consider a basic three-node relay-enhanced CR network, sharing the whole spec-
trum with a primary system, as shown in Fig. 3.11. The CR system adopts OFDM 
modulation. The relay operates in a time-division half duplex mode [14]. The trans-
mission from the CR SN to its DN is on a time-frame basis and each frame consists 
of two time slots with equal duration. The source transmits signals while the relay 
and the receiver of the DN listen in the first time slot. Then the source remains silent 

Fig. 3.10   Number of Newton iterations for convergence for 100 channel realizations. 
N K K L= = = =64 4 2 21, , , . a Fast barrier method for RA based on relaxation. b Fast barrier 
method for the optimal power allocation
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while the relay amplifies the received signals and forwards them to the DN over all 
subchannels with the same index as the first time slot.

In CR system, the whole bandwidth is divided into N  subchannels and the start-
ing frequency is f0

. The primary system does not adopt OFDM modulation and the 
bandwidth of the l th PU is Bl

 starting from fl
. The secondary access in each time 

slot will generate interference to PU bands, which can be calculated as

•	 Interference introduced by the transmission of SN in first time slot with unit 
power

� (3.24)

•	 Interference introduced by the transmission of RN in second time slot with unit 
power

� (3.25)

where ( )fφ  is the baseband PSD of OFDM signal.
Here, we investigate the capacity for the relay channel, both for AF and DF 

protocol, which are the most frequently adopted in practical systems. Generally, 
there are two common scenarios for two-hop relaying transmission, namely, with 
diversity and without diversity. The former means that the signal from the direct 
path (SN to DN) is taken into account, where the DN combines the signals from the 
direct path and the relayed signal by maximal ratio combining (MRC). The latter 
signifies that the DN only receives the relayed signal from the RN.

•	 Case A: AF protocol
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Fig. 3.11   Basic structure of relay enhanced CR networks
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We assume that the SN transmits with power ps n,  on the nth subchannel in the first 
hop and the relay amplifies the received signals on the nth subchannel with power 
pr n,  in the second hop. The amplification factor on the nth subchannel is

where hsr n,  is the channel gain from the SN to RN, and Nr
is the PSD of AWGN at the 

CR relay. The interference generated by transmission of PUs on the nth subchannel 
at the RN is denoted by In

PR, which can be measured as noise at the RN. After MRC, 
the SNR for the nth subchannel at the DN is given by [14]

If the signal from direct path is not considered, namely without diversity, the SNR at 
the receiver of DN of the nth subchannel can be otherwise calculated by [15]

Here, hrd n,  and hsd n,  are the channel gain from the RN to the DN and from the SN 
to the DN, respectively. The interference introduced by PUs at the DN on the nth 
subchannel, In

PD, is regarded as noise and can be measured by the DN. Besides, 
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SNRs of the transmission link from SN to RN, RN to DN and SN to DN in the 
relaying CR system.

Consequently, the transmission rate on the nth subchannel is given by

The rate of scaled by the factor 1/2 because the transmission takes two time slots.

•	 Case B: DF protocol

Assume the transmission powers at the SN and the RN are ps n,  and pr n,  over the nth 
subchannel, respectively, the relay is half-duplex and adopts DF protocol; that is, 
the SN transmits in the first time slot, then the relay forward the decoded signals 
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to the DN in the second time slot [16]. When the DN only receives signal from the 
RN, the channel capacity is limited by the minimum of the two hops [9]. Thus the 
transmission rate of the nth subchannel without diversity is

When the direct path between the SN and the DN is taken into account, the DN 
combines the signals from the SN and the RN through MRC, which gives the rate 
of the nth subchannel as [16]

Different from the power allocation in conventional OFDM systems, power alloca-
tion in relaying systems is intended to determine the amount of power allocated 
to each subchannel at the source and the relay, where the total transmission power 
at the SN and the RN are both limited. The power allocation problem in the basic 
three-node relay systems has been investigated in [15, 17]. In this brief, the resource 
allocation, including subchannel assignment and power allocation, will be detailed 
for multiuser relaying CR system in the following section, where the power alloca-
tion in the basic two-hop system is involved. In other words, our method for re-
source allocation in multiuser relaying CR system can also be applied to the power 
allocation in three-node CR systems with minor modifications. Thus, we will not 
elaborate the power allocation in this case separately.

3.3.2 � Multiuser Relaying CR Systems

Here, we consider a practical multiuser CR system enhanced by several relays, 
which coexists with a primary system. As illustrated in Fig. 3.12, the PUs are served 
by a base station and the SUs access via a CR AP. In the CR system, multiple relays 
with DF protocol are deployed to assist the communication between the AP and 
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Fig. 3.12   System model of multiuser relaying systems
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the SUs. We focus on the downlink of the CR system with K  SUs enhanced by M  
relays. To reduce the deployment cost, relays are always established apart from each 
other to avoid the overlaps of coverage. That is to say, each SU can be covered by at 
most one relay according to its location. The relay that covers the kth SU is denoted 
by mk. We assume that perfect channel state information is available at the trans-
ceivers of both the licensed system and the secondary system. The whole bandwidth 
is divided into N  subchannels in the CR system, denoted as a set of  = …{ , , }1 N .

The relays are half-duplex, which means that they receive data in the first time 
slot and transmit them in the second time slot. To avoiding co-channel interference, 
only one node can transmit in a given time slot for each subchannel. Each relay re-
encodes the received signal with the same codebook as that used by the source. The 
receiver of each SU uses MRC to combine the signals from the source and the relay, 
pertaining to the same message.

The CR system shares the whole bandwidth with L  PUs, where PUs do not 
adopt OFDM modulation. For each time slot, the interference to the lth PU band 
is denoted by In l

SP
, and Im n l

RP

k , , , implying the interference generated by the transmis-
sion of source (CR AP) on the nth subchannel and the interference caused by the 
transmission of the relay mk

 on the nth subchannel with unit power, respectively. 
Mathematically, the interference power In l

SP
,  and Im n l

RP

k , ,  can be calculated in the simi-
lar way as (3.24) and (3.25).

Denote hk n
SD
, , hm n

SR

k ,  and hm k n
RD

k , ,  as the channel gains of the nth subchannel from the 
CR AP to the kth SU, from the CR AP to the relay mk

 and from the relay mk
 to the 

kth SU, respectively. For simplicity, the normalized SNR dividing the SNR gap for 
each link is given by

Let r k n1, ,  be the transmission rate of the nth subchannel used by the kth SU assisted 
by the relay mk

,

where ps k n, ,  and pr k n, ,  are the transmission power of the CR AP and the relay mk
 on 

the nth subchannel used by the kth SU, respectively. On the other hand, if the relay 
does not forward, the achievable rate of the kth SU over the nth subchannel in this 
direct transmission mode is,

It is easy to prove that the achievable rate of direct mode might be larger than that of 
relaying mode. Thus, in order to maximize the system capacity, appropriate transmis-
sion mode should be applied different SUs with different subchannels dynamically.
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In order to maximize the SE of CR system, we try to maximize the sum rate 
of all SUs under the individual transmission power limit of the AP and the relays, 
while keeping the interference generated to each PU bands below its threshold. 
Here, a binary variable tk n,  is introduced to indicate whether the relay mk

 is active 
for the transmission of the kth SU over the nth subchannel. If pr k n, , ≠ 0, then tk n, = 1;  
otherwise, tk n, = 0. The subchannel assignment indices are denoted by the binary 
variables pk n, ’s and we have pk n, = 1 only when the nth subchannel is allocated to 
the kth SU. Consequently, the RA task can be formulated as follows,

�

(3.26)

where Ps
 and Pr

 are the maximum transmission power of the CR AP and relays. C3 
and C4 describe the interference limit for PUs in each time slot, where Il

th is the 
interference power limit of the lth PU. C5 and C6 imply that each subchannel can 
only be occupied by one SU in the CR system.

Obviously, problem (3.26) defines a mixed integer programming problem, since 
it involves binary variables tk n, ’s and ,k nρ ’s, together with continuous variables 
ps k n, , ’s and pr k n, , ’s. Generally, it is hard to solve the problem because the inte-

ger constraints generate an exponential complexity. Thus, we develop a two-stage 
method to address it, which carries out the subchannel assignment and power distri-
bution in turn. During such process, the transmission mode of each subchannel can 
be indirectly determined.

•	 Subchannel allocation

The achievable rate on the nth subchannel used by the kth SU can be unified into
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Proposition 3-1: The nth subchannel used by the kth SU that satisfies c ak n k n, ,≥  can 
achieve higher rate without relaying.

Proof If c ak n k n, ,≥ , we have

On the other hand, direct transmission can eliminate the interference to the PUs in 
the second time slot. That is to say, in this case, direct transmission between the AP 
and the kth SU on the nth subchannel is preferred, since r rk n k n2 1, , , ,≥  when c ak n k n, ,≥ .

Note that r rk n k n2 1, , , ,= , when pr k n, , = 0 and c ak n k n, ,< . Accordingly, some subchan-
nels with c ak n k n, ,<  may be selected for direct transmission mode without relaying 
when the transmission power for the relays is not sufficient due to the power or 
interference limited. Thus, we can roughly classify the transmission mode into

�

(3.27)

where the accurate transmission mode of c ak n k n, ,<  with r rk n k n, , ,= 1  can be further 
determined during power allocation procedure.

For subchannel assignment, the condition of each channel is evaluated by its 
maximum achievable rate. In CR systems, since a subchannel with higher SNR 
may generate more interference to PUs, the power limit and interference thresholds 
jointly set an upper bound of the maximum transmission power of each subchan-
nel. Hence, similar to (3.15), we jointly consider the SNR of a subchannel and the 
interference to PUs thrown by it, developing a criterion of the maximum achievable 
rate of each subchannel,

where rk n
M
,  can be regarded as the maximum achievable rate over the nth subchannel 

used by the kth SU, ps k n
M
, ,  and ps k n

M
, ,  are the maximum possible power on the nth 

subcarrier used by the kth SU at the AP and the relay mk
, respectively,

Preferably, each subchannel is allocated to the SU with the highest maximum 
achievable rate over it. This procedure terminates until all subchannels are con-
sumed. Mathematically, we can determine the binary variables ,k nρ ’s according to 
the following equation,
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Recall that the variables rk n, ’s are roughly determined by (3.27), which will be fur-
ther adjusted during power allocation.

•	 Power loading

After preliminary subchannel allocation and mode selection, power allocation 
among subchannels can best capitalize on the limited resource to achieve the poten-
tial capacity of system. According to (3.27), we resort and classify all subchannels 
into two categories as follows. Denote 1 11= …{ }, , N  as the subset of subchannels 
with c ak n k n, ,< , and 2 1 1= + …{ }N N, ,  as the subset of subchannels with c ak n k n, ,≥ .  
Then the power allocation problem can be written into

�

(3.28)

where all the subscripts k’s are omitted because each subcarrier is associated with 
a fixed SU.

The max-min formulation in the objective function in (3.28) can be addressed by 
introducing extra auxiliary variables zn ’s, ∀n. The power allocation problem can 
be transformed into

�

(3.29)
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Indeed, the feasible set of (3.29) always covers that of (3.28) and the two problems 
share the same optimal solution. It can be proved that (3.29) is jointly convex with 
respect to the optimization variables { p p zs n r n n, ,, , }’s.

Although standard barrier method is an effective way to solve the above convex 
optimization problem, its high complexity is unacceptable in practical scenarios. 
Inspired by the idea of fast barrier method with lower complexity introduced in the 
previous section, we further explore the structure of (3.29) to figure out whether it 
is possible to speed up the computation of Newton step.

First, for the barrier method [1], the approximated minimization problem of 
(3.29) is given by

�
(3.30)

As the parameter t increases, the optimal solution to (3.30) will approximate to 
the optimal solution of the original problem more and more accurately. Denote the 
optimization variable as

and the barrier function

where

To solve the unconstrained minimization problems (3.30), Newton method is al-
ways employed [1]. With a given parameter t, Newton step ∆x  is given by

� (3.31)
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Supposing we compute Newton step via direct matrix inversion of (3.31), it will 
cost O N( )3 , which is evidently unaffordable for practical systems. The Hessian of 

( )t xψ  is as follows:

where

and

where

Accordingly, the Hessian of ( )t xψ  can be decomposed into a block-arrow matrix D  
and 2 2L +  one-rank matrices. Thus, the idea of fast computation of Newton step in-
troduced in previous sections is applicable in this problem. The procedure is similar 
to that in Table 3.3, which is elaborated in [18]. In this case, the complexity to work 
out the optimal solution can be roughly measured by O M N( )2 .
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3.3.3 � Numerical Results

In simulation, we consider a multiuser OFDM-based CR relaying network, where 
all SUs and relays are located at two concentric ring-shaped discs around an AP. The 
outer boundary has a radius of 600 m and the inner boundary has a radius of 400 m. 
There are four relays in the CR system, uniformly located at the boundary of inner 
circle, and all SUs distributed in the outer ring uniformly, each of which is covered 
by a certain relay. PUs are located around a BS within a circle with radius of 1 km 
and the PSD of PU signals is an elliptically filtered white noise process. The chan-
nel suffers from frequency selective fading and the path loss exponent is 4. Assume 
the variance of shadowing effect is 10 dB and the amplitude of multipath fading 
follows Rayleigh distribution. The bandwidth of each PU is randomly generated by 
uniform distribution and the maximum value is 2 3W L/  with the total bandwidth W . 
The noise power is set to 10 13− W .

To evaluate the performance of our proposed RA algorithm, other three schemes 
are introduced for comparison:

1.	 All relaying w/o diversity (RND). The direct link is not taken into account that 
all signals are forwarded by relays.

2.	 Fixed direct mode (FDM). The conventional transmission mode from the CR AP 
to the SUs is employed without the assistance of relays.

3.	 Equal power allocation (EPC). For our proposed transmission mode, the power 
is equally distributed among subchannels.

Figure  3.13 illustrates the sum rate of all SUs as a function of the transmission 
power limit at (a) the CR AP and (b) the relays, respectively. There are 32 OFDM 
subchannels, eight SUs and two PUs. The interference threshold of each PU band 
is 10 10− W . We find that the growth of system capacity slows down with the in-
crease of power budget because more subchannels become interference limited as 
the transmission power gets larger. Moreover, the RND scheme can achieve about 
90 % of our proposal, where the loss of capacity is attributed to its fixed relaying 
transmission mode. Since the relay does not participate in transmission, the FDM 
fails to exploit the spatial diversity, resulting in its poor performance. Furthermore, 
we investigate the curves of the sum rate for different numbers of subchannels ver-
sus the power limit Ps

 and Pr
 in Figs. 3.14 and 3.15. For a given power budget, 

the capacity increases when the number of subchannels gets larger, which implies 
that channel diversity contributes to significant gain of system capacity. Also, it is 
shown that the fixed power allocation scheme EPC can only achieve less than 50 % 
of our proposal, which confirms the necessity of dynamic power allocation.

Figure 3.16 describes the sum rate of CR system versus the interference thresh-
old for different numbers of PUs. There are eight SUs and 32 subchannels with 
fixed power limit at the AP and relays of P Ps r= = 1W . Three different cases in 
terms of the number of PUs are investigated: L = 2 , L = 4 and L = 6. As illustrated 
in Fig.  3.16, the sum rate of the SUs increases with the growth of interference 
threshold until the subchannels become power limited for each case. On the other 
hand, with a given interference power limit, more, more PUs result in a relatively 
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Fig. 3.13   Sum rate of CR system as a function of the power limit at CR AP (a) and relays (b). 
N K L= = =32 8 2, , , Il

th = −10 13 W  and (a) Pr = 1W , and (b) Ps = 1W

Fig. 3.14   Sum rate of CR system versus power limit at CR AP for different number of subchan-
nels. K L= =8 2, , Il

th = −10 13 W  and Pr = 1W
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Fig. 3.15   Sum rate of CR system versus power limit at relays for different number of subchannels. 
K L= =8 2, , Il

th = −10 13 W  and Ps = 1W

 

Fig. 3.16   Sum rate of CR system as a function of interference threshold. N = 32 , K = 8  and 
P Ps r= = 1W
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lower capacity because of more frequent occurrence of interference limited sub-
channels. It is apparently that our proposal shows significant superiority over the 
FDM and the EPC schemes.

The effect of multiuser diversity is also studied in Fig. 3.17, which depicts the 
sum rate of the CR system versus the number of SUs for different power bud-
gets. The number of subchannels is 64 and the interference thresholds of two 
PUs are uniformly set to 10 13− W . Two cases are considered in Fig. 3.17, that are, 
P Ps r= =10 1W W,  and P Ps r= =1 0 1W W, . . The number of SUs varies from 4 to 
16. As observed in Fig. 3.17, more SUs gives rise to the increase of overall capacity 
for all schemes. It can be explained as follows: When there are more SUs, multiuser 
diversity makes a subchannel more likely to be allocated to an SU with high chan-
nel gain over it. Besides, our proposal can thoroughly take advantage of the limited 
power, achieving more than 150 % of EPC scheme.

The convergence performance of our proposed scheme is manifested in Fig. 3.18. 
For power allocation, the Newton iteration in the fast barrier method leads to the 
main computational cost. Figure 3.18 shows the cumulative distribution function 
(CDF) of Newton iterations with a duality gap of less than 10 3− . It can be observed 
that it requires more Newton iterations for the case of more subchannels. The num-
ber of Newton iterations, however, varies in a narrow range with a given number of 
subchannels, while the increase of subchannels will not result drastic increase of the 
number of Newton iterations. All these observations verify the efficient and stable 
convergence performance of our proposal.

Although the algorithm in also can work out the optimal solution using stan-
dard interior point method (Standard), the computational cost is high, which can 

Fig. 3.17   Sum rate of CR system as a function of the number of SUs. N = 64 , L = 2  and 
Il

th = −10 13 W
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be intuitively reflected by its elapsed time for convergence. Figure 3.19 gives the 
average time cost as a function of subchannels over 1000 realizations. The elapsed 
time is counted by in-built tic-toc function in Matlab. Obviously, the time cost of 
our proposal is much less than that of the standard technique employed in [19], 
which further verifies the remarkable convergence performance of our proposed 
algorithm.

From the results in Figs.  3.13–3.19, we can conservatively conclude that our 
proposed RA scheme is effective and efficient for possible applications in practical 
wireless systems.

Fig. 3.18   CDF of number of Newton iterations for convergence

 

Fig. 3.19   Average time cost as a function of the number of subchannels
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3.4 � Summary

In this chapter, specified resource allocation problems in terms of OFDM-based 
CR systems are elaborated, with the focus on the SE of the CR system. In this case, 
maximizing the sum capacity is preferable. Particularly, typical RA problems in 
single SU system, multiuser CR system and relaying CR system are recommended, 
as well as the methods to solve them.

While there is subchannel allocation involved, we suggest that the RA formu-
lated as a mixed integer programming problem can be solved by either relaxation 
method or two-stage method [20]. Both of the methods are intended to convert 
or simplify the intractable problems into standard convex optimization problems, 
which can be solved by standard techniques, such as barrier method. However, the 
drawback of standard convex optimization techniques, known as high complexity, 
holds back their possible application in practical systems. Fortunately, the special 
structures of these problems allow the significant improvement of standard method, 
based on which we propose fast algorithms to work out (near) optimal solutions. 
Our proposed algorithms break through the bottleneck of the standard method and 
show great potential for applications.
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Chapter 4
Energy-Efficient Resource Allocation  
in CR Systems

With the explosive growing demands for high data-rate wireless services, energy 
consumption is also increasing at an alarming rate nowadays. Consequently, it leads 
to a large amount of greenhouse gas and high operation expenditure for wireless 
service providers [1]. Recently, green radio is becoming increasingly important 
and navigates new directions for research activities, with emphasis on the energy-
efficiency (EE) in wireless systems. An overview of the EE concerned in wireless 
communications is surveyed in [2], which recommends the technical roadmaps of 
several major international projects for energy-efficient wireless networks and in-
vestigates the state-of-the-art research on this topic. Particularly, energy-efficient 
resource allocation (RA) has been put on the agenda in both industry and academia, 
especially for the OFDM-based systems [3]. Different from the two conventional 
classes of dynamic RA in OFDM systems—rate adaptive and margin adaptive [4], 
energy-efficient RA is a special case where the objective is generally to maximize 
or minimize a certain metric of EE for a wireless system. The most popular one is 
called “bits-per-Joule”, defined as the system throughput with unit power consump-
tion

However, it is noteworthy that there is limited work on the energy-efficient RA 
of CR networks, which actually is extremely necessary for the CR scenarios. Be-
sides the greenhouse crisis and operation expenditure involved, it also a prerequisite 
to achieve high utilization of the limited transmission power, which is needed to 
support the additional signal processing requirements compared to non-CR sys-
tems, such as spectrum sensing.

In this chapter, we mainly explore the features of energy-efficient RA, develop-
ing valid methods for several typical problems in CR systems.

4.1  EE Characteristics

As aforementioned, the system EE is evaluated by the metric “bits-per-Joule.” We 
consider an OFDM system with N  subchannels. The total bandwidth is W. The 
transmission rate over each subchannel is given by the Shannon formula

67© The Author(s) 2014
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where pn  and hn  are the transmission power and the normalized SNR of the nth 
subchannel. Ideally, the EE of this OFDM system in bits/Joule is given by

In practical systems, however, the circuit power also accounts for a part of total con-
sumed energy, which should be considered in system design. Indeed, in the trans-
mission mode, the circuit power incurred by signal processing and active circuit 
blocks, such as AD/DA converters, synthesizer and mixer. As discussed in [5, 6], the 
circuit power consumption can be modeled as one static part and one dynamic part 
based on the parameters of active links. For instance, the circuit consumed energy 
can be described by a linear function of system capacity,

where Ps  is the fixed part of the circuit power and ζ  is a constant denoting the 
dynamic power consumption of unit data rate. In this case, the EE of system can be 
formulated as

Generally, higher EEη  signifies the higher efficiency of consumed energy. The char-
acteristic of the EE metric can be illustrated by the curve of its maximum value 
versus transmission power.

In simulation, we assume the total bandwidth is 0.96 MHz with 64 OFDM sub-
channels and the noise power is 10 13− W . For a given transmission power, the 
maximum EE is achieved by maximizing the throughput by water-filling method 
[7]. The path loss exponent is 4, the variance of shadowing effect is 10 dB and the 
amplitude of multipath fading is Rayleigh.

To analyze the difference between the EE in ideal case and practical systems, we 
depict the EE curves versus the total transmission power 

n

N
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=∑ 1

 for both case in 
Fig. 4.1. It is shown that the EE is monotone decreasing with the total transmission 
power. That is to say, without concerning the circuit power, lower transmission 
power will lead to higher EE, which implies that maximizing EE is equivalent to 
minimizing transmission power 
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curve versus transmission power is not as simple as the ideal case. The circuit power 
breaks the monotonic relation between EE and n

N

np
=∑ 1 , and the curve turns to a 

bell shape as shown in Fig. 4.1, which indicates the necessity and the importance of 
energy-efficient RA.

Additionally, the variation of circuit power, including static and dynamic part, 
may lead to different system decisions in EE optimization. To further understand the 
properties of the EE function, we also illustrate the EE curve versus transmission 
power with different parameters in circuit power in Fig. 4.2–4.3. When the dynamic 
circuit power factor ζ  is fixed to 0.5 W/Mbit, the bell shaped EE curve goes down 
with the increase of static circuit power Ps  in Fig. 4.2. Besides, the optimal power, 
denoted by P *, to achieve the maximum EE on the curve, increases when PS  gets 
larger. As a counterpart, larger factor ζ  also lowers the curve of EE, while the 
optimal power P*  remains unchanged with respect to different ζ ’s, as shown in 
Fig. 4.3. Such phenomena can be explained mathematically as follows,

It indicates that the optimal allocated power depends on the static power rather than 
the dynamic part, while higher circuit power will reduce the EE with a given trans-
mission power. Taking advantage of this property, the energy-efficient RA can only 
consider the static part of circuit power, which will not result in different decisions.
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Fig. 4.1   EE versus transmis-
sion power for both ideal and 
practical cases
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In most wireless communication systems, the total transmission power at the 
transmitter is usually limited. According to Fig. 4.1–4.3, the optimal EE also rely 
on the transmission power budget Pt . Particularly, if P Pt < * , the optimal EE is not 
in the feasible regain, and EE is maximized by exhausting the maximum power Pt

.

Fig. 4.2   EE versus transmission power for different static circuit powers

  

Fig. 4.3   EE versus transmission power for different parameters of dynamic circuit power
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4.2  Energy-Efficient Power Allocation

With the knowledge of the main characters of EE function, we further investigate 
the energy-efficient power allocation problem under the consideration of many 
practical limitations, such as transmission power budget, interference threshold of 
PU and the traffic demand of the SU. Several possible methods are also proposed 
for solving this general problem.

4.2.1  General Problem

To investigate the nature of energy-efficient problem, the CR and primary systems 
are simplified to consist of only one SU and one PU. The case with multiple PUs 
can be easily extended with few modifications. The CR system is assumed to adopt 
OFDM modulation, sharing the whole bandwidth W  with the primary system. The 

bandwidth of the nth subchannel spans from f n
W

N0 1+ −( ) to f n
W

N0 + , where f0
 

is the starting frequency and the spectrum of the PU spans from fl
 to f Wl l+ .

The interference introduced to the PU by the transmission on the nth subchannel 
with unit power is In

SP , given by

where gn
SP  is the power gain from the CR AP to the PU’s receiver. The interference 

to the nth subchannel cast by the transmission of the PU is denoted by In
PS , which 

can be regarded as noise and measured by the receiver of the SU. Thus, the SNR of 
the nth subchannel with unit power is

With the transmission power pn  on the nth subchannel, the achievable rate of the 
nth subchannel is given by

For EE optimization, the power allocation result is irrelevant to the dynamic part of 
circuit power, which is a linear function of the throughput, as proved in the previous 
section. Hence, only the static circuit power Ps  is considered in the optimization 
problem. Concerning the practical constraints in CR system, we assume the inter-
ference power to PU band is limited by its interference temperature limit. Besides, 
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the overall throughput is desired to be no less than its minimal requirement. In short, 
the general form for energy-efficient power allocation can be expressed as

�

(4.1)

where Cmin  is the minimal required throughput of CR system, Pt  is the total trans-
mission limit at the transmitter of CR system and Ith is the prescribed interfer-
ence threshold of the PU band. Obviously, (4.1) defines a non-linear programming 
problem.

4.2.2  Bisection-Based Algorithm

Theorem 4.1  The function ( )·EE pη  in (4.1) is strictly quasiconcave in variable p  
( p p pN= …{ }1, , ). Besides, the ( )EE pη  is a quasiconvex optimization problem.
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functions in (4.1) are all convex, it can be further proved that (4.1) defines a quasi-
convex optimization problem.
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i.e., the t-sublevel set of the quasiconvex function f p( )  is the 0-sublevel set of the 
convex function ( )t pφ . Evidently, the convex function must guarantee the property 
that ( ) 0s pφ ≤ if ( ) 0,t p t sφ ≤ ≤ , which can be satisfied if ( )t pφ  is a nonincreas-
ing function of t for each p. To see that such representation always exist and not 
unique, we can take

or

Let *
EEη  denote the optimal solution to the problem (4.1), if the following problem

�

(4.2)

has a feasible solution, it implies *f τ≤ ; otherwise, *f τ> .
Based on the observation discussed above, a simple bisection-based algorithm 

can be derived to solve the quasiconvex optimization problem. The outline of the 
outer iteration of bisection method is summarized in Table 4.1.

The interval is divided in two parts in each iteration, and the length of the inter-
val after k  iterations is 2 1− −k u( ) , where u −1  is the length of the initial interval. 
Hence, it requires exactly log (( )2 u l b−   iterations to converge to b-optimal-
ity. In each iteration of the Bisection method, we need to solve a convex feasibil-
ity problem (4.2) with a given parameter τ . As discussed in [10], it is equivalent 
to solve a minimization problem by introducing a crucial indicator parameter z. 
According to [10], we can formulate the optimization problem to check the feasibil-
ity of the problem (4.2) as follows,
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Algorithm 1
Given a tolerance and an interval [ ], where , .
Repeat

;
Solve the convex feasibility problem (4.2);
if problem (4.2) is feasible

else ;
Until

Table 4.1   Bisection method for quasiconvex optimization  
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�

(4.3)

The variable z  can be interpreted as an upper bound of the maximum infeasibility 
of the inequalities as seen from (4.3). If the optimal solution of (4.3) is less than 
or equal zero, that is z* ≤ 0, it means that at least one feasible solution to (4.2) ex-
ists. Furthermore, for a given τ  that satisfies *f τ= , the solution pk n, ’s to (4.3) is 
optimal for the (4.1) if and only if z* = 0  for (4.3). Thus, we can obtain the optimal 
resource allocation pk n, ’s by solving (4.3) in the last iteration with the solution of 
z* ≤ 0.

As discussed above, we need to solve (4.3) for a given parameter τ  in each iter-
ation. If the representation function ( )t pφ  is convex in p , which generally exists, 
(4.3) defines a convex optimization problem in p z,{ }. Since the objective function 
is linear, the inequality constraints functions are all convex, and the equality func-
tions are affine, it can be solved by standard convex optimization techniques.

4.2.3  Fractional Programming

Another characteristic of the EE function can be described as follows: 
EEη  is a non-

linear fractional function with concave numerator and linear (convex) denominator. 
Such special structure allows the utilization of fractional programming method [15].

First, a new optimization problem is defined as
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where α is a positive parameter. Problem (4.1) and (4.4) share the same feasible 
region .S  With a certain parameter α, the optimal value and solution of the problem 
(4.4) are { }( ) min ( , ) |pF g p p Sα α= ∈ , { }( ) arg min ( , ) |pf g p p Sα α= ∈ , respec-
tively. The relationship between problem (4.1) and (4.4) is given by the following 
lemma, which has been proved in [16].

Lemma 4-1: The optimal solution p *  to problem (4.4) at α* achieves the opti-
mal value of problem (4.1) if and only if

which indicates that at the optimal parameter α*, the optimal solution to (4.4) is 
also the optimal solution to (4.1). Therefore, the original problem can be solved by 
finding the optimal power allocation of the (4.4) for a given α and then updating α 
until the condition in Lemma 4-1 is satisfied. The procedure of algorithm is detailed 
in Table 4.2. 

In each iteration of updating parameter α, we have to solve the problem (4.4), 
which is a convex optimization problem and can be solved by standard techniques.

4.2.4  Hypograph-Based Algorithm

Since the original problem is difficult to solve directly, we turn to its equivalent 
transformation via its hypograph form [10], which is given by
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Table 4.2   Fractional programming

Algorithm 2
Initialization: parameter , and tolerance .
While

Solve problem (4.4 ) and obtain the optimal solution 
Calculate 
Update

Endwhile 
Return and
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Here, we try to maximize y over the hypograph of ( )EE pη  under the constraints in 
the original problem. The optimal power allocation p *  to the above problem is 
identical with the optimal solution to the original problem.

Furthermore, the first constraints in the equation above can be further converted 
into a convex form:

which makes the hypograph problem convex. Rewrite the problem into

It can be dealt with convex optimization techniques.

4.2.5  Performance Evaluation

The three methods discussed above are all effective to solve the considered energy-
efficient power allocation problem, each of which has its advantages and drawbacks. 
Here, the performance of the algorithms is evaluated from two aspects-achievable 
EE and convergence performance via several experiments. In simulation, we as-
sume the whole bandwidth 0.96 MHz is divided into 64 OFDM subchannels in the 
CR system. The receiver is randomly located in the circle within 0.5 km from its 
transmitter. The path loss exponent is 4, the variance of shadowing effect is 10dB 
and the amplitude of the multipath fading is Rayleigh. The PU band is randomly 
generated by uniform distribution with the maximum value of 2 3W L/ . The noise 
power is 10 13−  W and the interference threshold is 5 10 12× −  W.

Figure 4.4 shows the average EE of CR system as a function of the transmission 
power limit at the transmitter. The minimal rate requirement is set to 0.6 Mbps. 
The three algorithms almost achieve the same EE and the sight difference can be 
attributed to the algorithm accuracy. This result is coincident with the theoretical 
analysis above that the three algorithms can all work out the optimal solution of the 
considered problem. Another phenomenon in Fig. 4.4 is that the EE increases with 
the growth of power limit until the power budget is large enough, which further 
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verifies the conclusion given in in Sect. 4.1. Recall the relationship between EE 
and the transmission power given in Fig. 4.3, when the power limit is relatively 
small, the maximum EE is always achieved by exhausting the maximum power. The 
maximum EE can be achieved at the optimal point and remains unchanged if the 
transmission power is large enough.

The convergence performance is illustrated in Fig. 4.5 and Table 4.3. For the 
first two methods, the outer iteration for convergence is shown in Fig. 4.5 and the 
convex optimization problem in the inner loop is solved by the barrier method. 
The midpoint of bisection method during each iteration is denoted by τ , which 
roughly requires nine iterations to converge, while the fractional programming con-
verges within five outer iterations. Besides, the elapsed time for convergence of 
three methods is listed in Table 4.3, where the hypograph form of the considered 
problem in the last method is also addressed by the barrier method. We find that the 
hypograph-based method is more efficient than the other two ones.

From the above observation, it seems that the bisection-based method is the 
least preferred, since it generates more computational complexity. However, we 
also need to investigate the inherent advantages and limits of these methods. The 
bisection-based method is simple but effective for a series of quasiconvex optimiza-
tion problems, while the other two methods impose more strict requirements on the 
problem. The fractional programming methods can only be applied to the case that 
the objective function of maximization has concave numerator and convex denomi-
nator with convex feasible regain. If the problem has a convex hypograph form, the 
last method is a better fit. After all, the considered problem is just a general form of 
energy-efficient power allocation, and there are more constraints and adjustments 
in practical systems, which may result in more intricate optimization problem. In a 
nutshell, different conditions need different methods.

Fig. 4.4   The EE of CR system as a function of the transmission power limit
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4.3  Multiuser CR Systems

Based on the idea of energy-efficient power allocation discussed in the last sec-
tion, we apply it into a practical multiuser CR system. Consider the downlink of 
an OFDM-based CR system with K  SUs served by an AP, coexisting with L  PUs 
in a primary system in the spectrum sharing manner. The whole bandwidth W  is 
divided into N  subchannels in the CR system, denoted by { }1, ,N N= … . We as-
sume that perfect knowledge of CSI is available at the transceivers in both CR and 
primary systems. Note that the results obtained by assuming instantaneous EE with 
perfect CSI can serve as an upper bound on the achievable EE with channel estima-
tion errors.

Fig. 4.5   Convergence performance of Bisection based method and fractional programming

  

Table 4.3   Time consumption for convergence ( seconds)
N (Number of subchannels) 32 64 96 128
Bisection-based method 0.054 0.134 0.290 0.389
Fractional programming 0.021 0.027 0.034 0.047
Hypograph-based methods 0.007 0.009 0.010 0.019
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4.3.1  Problem Formulation

Since the CR system adopts spectrum sharing model, the interference introduced 
to the PU bands should be carefully controlled in a tolerable range, generally mea-
sured by the interference temperature limit [9]. The transmission rate of the nth 
subchannel used by the kth SU is

where hk n,  is the channel gain from the AP to the receiver of the kth SU. Γ is the 
SNR gap, related to a given BER requirement with Γ = − ln( ) / .5 1 5BER  for an 
uncoded MQAM [8]. The interference caused by the lth PU on the nth subchannel 
used by the kth SU is Ik n l

PS
, , , which can be regarded as noise and measured by the 

receiver. For notation brevity, let Hk n,  denote the normalized SNR dividing the 
SNR gap,

The rate and transmission power of the kth SU are given by

where ,k nρ  is the subchannel assignment index. If the nth subchannel is allocated to 
the kth SU, we have , 1k nρ = ; otherwise, , 0k nρ = .

According to the analysis in Sect. 4.1, the circuit power, including static part and 
dynamic part, can be simplified into the static part in energy-efficient RA optimiza-
tion, which will not affect the results. Therefore, we only consider the static part of 
circuit power Ps  in this section and the EE in bits/Joule is

Here, we consider a general problem for the EE optimization in an OFDM-based 
multiuser CR system; that is, we try to maximize the EE of the CR system under 
the maximum transmission limit Pt  at the CR AP. Each SU requires a minimal rate 
Rk

min  to support its reliable communication, while the interference to each PU band 
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should be always kept below its threshold .th
lI  Accordingly, the energy-efficient RA 

problem is formulated as follows,

�

(4.5)
where In l

SP
,  the interference to the lth PU by the transmission of an SU on the nth 

subchannel with unit power, as in Eq. (2.7). Each subchannel can only be assigned 
to one SU, as indicated by C5 and C6.

4.3.2  Relaxation Method

Since (4.5) formulates an intractable mixed integer programming problem, a gen-
eral method to address such problems is relaxation, by which the integer variables 
are relaxed into continuous ones so that efficient linear/nonlinear optimization tech-
niques can be utilized. In this case, the optimal solution to the relaxed problem is 
the upper bound of (4.5), because all feasible solutions to the original problem fall 
into the solution space of the relaxed one.

In relaxation method, we redefine [ ], 0,1k nρ =  as the fraction of the nth subchan-
nel used by the kth SU, which implies that a subchannel is temporarily permitted 
to be shared by multiple SUs. Accordingly, we further introduce a variable sk n,  to 
characterize the actual power consumption of the kth SU on the nth subchannel in 
a time frame interval. Thus, the relaxed form of the original problem can be written 
into
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�

(4.6)

Equation (4.6) is a non-linear fractional programming problem which is still dif-
ficult to solve. Nevertheless, the relaxed form of EEη  has a special structure that its 
denominator is jointly concave in { , ,,k n k ns ρ }’s and the numerator is linear. Thus, 
instead addressing (4.6) directly, we turn to the equivalent transformation of its 
hypograph form [10]

�

(4.7)

where the inequality y ≥ 0  is determined by the domain 0EEη ≥ . Such transform 
guarantees the equivalence between (4.6) and (4.7). Indeed, (4.7) can be geometri-
cally described as an optimization problem in the “graph space” of { }, ,, ,k n k ns yρ  
with respect to the problem (4.6). In other words, we maximize the variable y over 
the hypograph of EEη  under the constraints in (4.6), which is equivalent to maxi-
mize EEη  in (4.6) directly. Consequently, the optimal solutions *

,k ns ’s and *
,k nρ ’s to 

the problem (4.7) are also the optimal solutions to (4.6).
Let { }1,1 1,1 1,2 ,, , , , ,K Nx s s yρ ρ= …  denote the optimization variable of problem 

(4.7), the inequality constraint EE yη ≥  can be converted into a convex form
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with , ,
, ,

1 1 1 1,
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= + − +∑∑ ∑∑ . Then, the problem can 

be further converted into a convex form,

�

(4.8)

Since there are fully developed algorithms to tackle such kind of problems as, it 
becomes optimistic to work out the optimal solution to the relaxed problem by solv-
ing the above problem.

Generally, barrier method is one of the standard techniques to solve convex op-
timization problems. However, the complexity, mainly incurred by the computation 
of Newton step via matrix inversion, is roughly bounded by 3((2 ) )O KN N+  for our 
considered problem. Since there are always thousands of subchannels in practical 
OFDM systems, such a computational cost is unacceptable, especially for the RA 
problem that should be tackled in an online manner. To overcome this bottleneck 
of standard barrier method, we try to speed up the calculation of Newton step by 
exploiting the special structure of the problem.

To adopt barrier method, a preparatory procedure is required to transform the 
objective function y in into a twice differentiable function U y( ) . To preserve the 
convexity of problem, U y( )  should be monotone increasing and concave in y. For 
instance, we take ( ) log(1 )U y y= +  in this problem. Then, the complete form of the 
optimization problem is
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For the above convex optimization problem, barrier method is carried out to work 
out its optimal solution. In barrier method, all inequality constraints are converted 
into a logarithmic barrier function ( )xφ ,

where

Thus, the optimal solution to the problem (4.9) can be approximated by the optimal 
solution to the following minimization problems,

�
(4.10)

where t  is the parameter to control the accuracy of the approximation and larger 
value of t  provides more accurate solution. The equality constraints are unified into 

the matrix system Ax = 1  with ,

1 2( 1) 2 , ,
.

0 otherwisen m

m k N n k n
A

= − + ∀
= 


 The details 

of barrier method can be found in [10].
In each iteration of barrier method, Newton method is generally used to solve the 

minimization problem (4.10) because of its quadratic convergence property. With a 
given parameter t, Newton step ∆x  and its associated dual variable v  is given by
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(4.11)
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troduce awful complexity of 3((2 ) )O KN N+ , which is obviously inapplicable for 
practical systems.
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However, we find that this drawback can be eliminated by using a fast method to 
work out Newton step since the Hessian of ( )t xψ  has a special structure as follows,

with

and

It can be proved that the Hessian of ( )t xψ  is positive definite because the matrix D  
is positive definite and all 0T

i iq q ≥ .
Based on the analysis above, the matrix in the left of (4.11), denoted by H0 , is 

also invertible because 2 ( )t xψ∇  is positive definite and A  is a full row rank ma-
trix. We can rewrite H0  into the following form,
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(4.12)

Where [ ]0 , 1 ,
T

i ig q i Mυ= = …  with M K L= + + 2 .
Consider the structure in (4.12), based on the matrix inversion lemma [11], we 

develop a fast method to speed up the computation of Newton step. The analysis is 
elaborated by an M-step derivation as follows,
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Step 1 Decompose H0
, H H g gT

0 1 1 1= +
1

1 11 1
1 21
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1
1 1 0H Hυ =  and 1

1 2 1H Hυ =

Figure out the ∆x  by solving 1
1υ  and 1

2υ , instead of using (4.11)

Step 2 Decompose 1H  with 1 2 2 2
TH H g g= +

Similarly, the two variables in Step 1 can be updated by
2

1 2 22
32

2 3
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= − =

+
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u u u
u
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2 1, 1,2,3i iH g iυ −= =

Consider step m,
Step m Let 

1
T
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Update the m  variables in Step m −1  by
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where 
1, 1, , 1m

m i iH g i m−= = … +u  with 
1
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H D g g
= +

= + ∑

After the Mth step, it produces M +1  matrix systems 
1, 1, , 1M

M i iH g i M−= = … +u . 
According to the above procedures, the m  variables 1, 1, ,m

i i m− = …u  in Step m −1  
can be updated by the m +1  variables , 1, , 1m

i i m= … +u  in Step m. Hence, if we 
figure out the M +1  variables , 1, , 1M

i i M= … +u , in the step M, the Newton step 
and the associated dual variable in step 1 can be indirectly obtained by an M-step 
reverse computation. More details about the fast algorithm for Newton method can 
be found in [12]. The complexity of the proposed barrier method is significantly 
reduced to O M KN( )2 , which is much lower than O KN N(( ) )2 3+ if using standard 
matrix inversion.

Since each subchannel can only be occupied by one SU, we have to break the tie 
among multiple SUs on each subchannel, that is, to determine the best mechanism 
for subchannel assignment. Consider the optimal solution to the relaxed problem, 
larger ,k nρ  indicates the kth SU are more preferred by the nth subchannel to maxi-
mize the desire performance, which can be regarded as a metric to determine the 
exact assignment of subchannels. In fact, for the optimal solution to the relaxed 
problem, most fraction ,k nρ ’s are close to either 1 or 0 for K N� , which has been 
proved in [13] and also shown in numerical results of experiment. Based on this 
fact, it is appropriate to allocate the nth subchannel to the kth SU with the maxi-
mum ,k nρ , that is,

� (4.13),
,

1, argmax

0, otherwise.
k n

k n

k r
r*

ì =ïï=íïïî
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Such principle for assignment guarantees that each subchannel is strictly allocated 
to only one SU. In the following simulation, it is demonstrated that such a simple 
rounding technique can achieve good solution close to the upper bound obtained by 
solving the relaxed problem.

To ensure the feasibility of solutions to the original problem, the power across 
subchannels should be reallocated with a given subchannel allocation. After the 
rounding procedure for ,k nρ ’s, its corresponding solution for power allocation pk n,

’s to the relaxed problem will no longer feasible for the original problem. Without 
the binary variables, the problem is simplified into a non-linear fractional program-
ming problem. Similarly, it can be converted into a standard convex optimization 
problem via its hypograph form, which can be efficiently addressed by the fast bar-
rier method. The algorithm for fast power allocation is similar to the algorithm for 
solving the relaxed problem, which will not be elaborated in this section. Readers 
can refer to the earlier part of the section for more details.

4.3.3  Numerical Results

A series of numerical experiments is carried out to evaluate the performance of our 
proposed algorithm. Consider a multiuser OFDM-based CR system with all SUs 
randomly located in a 3 3×  km area. Each receiver uniformly distributed in the 
circle within 0.5 km from its transmitter. The path loss exponent is 4, the variance 
of shadowing effect is 10 dB and the amplitude of multipath fading is Rayleigh. We 
assume that each PU’s bandwidth is randomly generated by uniform distribution 
and the maximum value is 2 3W L/ . The noise power is 10 13− W .

In simulation, the optimal solution of the relaxation form serves as an upper 
bound of the original problem1. The results obtained by our proposal are compared 
to the upper bound for different settings. If no feasible point exists, we regard it as 
system outage.

Figure 4.6 illustrates the EE of the CR system as a function of the transmission 
power limit for different numbers of subchannels. There are four SUs with 20 bit/
symbol minimal rate requirement individually, sharing the whole spectrum with 
two PUs. The static circuit power is set to 0.25 W. Two cases of different numbers 
of subchannels, N  = 32 and N  = 64, are investigated. The numbers of SUs and PUs 
are four and two, respectively. The minimal rate requirement of each SU is 20 bits/
symbol and the interference threshold of each PU band is 5 10 12× − W. The static 
circuit power is fixed to 0.25 W. There are N  = 32 and N  = 64 subchannels in the 
two cases. As can be seen in Fig. 4.6, the EE of the CR system grows quickly at 
the beginning because the possibility of CR system outage can be reduced as the 
increase of the transmission power budget. When the transmission power budget 
is sufficient enough, all SUs’ rate requirements can be always satisfied and the 

1   Note that the upper bound cannot be a feasible solution because the relaxed form of the original 
problem ignores the integer constraints.
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EE of the CR system keeps almost invariable. It can be explained by the EE char-
acteristics in Fig. 4.1–4.2 that the EE can always reaches its maximum value at a 
certain amount of transmission power P* since P Pt ≥ *. Additionally, the EE can be 
improved when there are more OFDM subchannels, which is a result of channel di-
versity in wireless environment. Notice that our proposal achieves more than 98 % 
of the Upper Bound, indicating our proposed algorithm performs quite well for the 
considered problem.

We also describe the EE curve versus the interference threshold for different 
numbers of PUs ( L = 1, L  = 2 and L  = 4) in Fig. 4.7. The number of subchannels 
is 64. There are four SUs with uniform rate requirement Rk

min = 20   bit/symbol. 
Assume that the transmission power limit at CR AP is fixed to 1 W and the static 
circuit power is 0.25 W, the EE of CR system increases with the increase of the 
interference threshold. The reason is that the lower the interference threshold, the 
more frequent system outage. It can be also seen from Fig. 4.7 that more PUs can 
diminish the EE of the CR system, which can be explained that more subchannels 
are interference limited in these cases and the subchannels with poor channel gains 
consume much power to maintain the required rates of the SUs.

From Fig. 4.6–4.7, it is evident that our proposal can always perform quite close 
to the upper bound for different settings. For this reason, our proposed algorithm 
is effective for the considered RA problem from the viewpoint of achievable EE of 
CR system.

Fig. 4.6   EE versus the transmission power limit of CR system with K = 4, L = 2, 
Ps = 0 25. W  and Rk

min = 20  bit/symbol
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Figure 4.8 illustrates the average EE of CR system as a function of the uniform 
rate requirements of SUs for both K = 2  and K = 4. There are 64 subchannels in 
CR system and two PUs in primary system. The transmission power limit is 1 W 
and the static circuit power is 0.25 W. For both cases, the average EE decreases with 
the growth of the rate requirements, since higher rate requirements not only results 
in exponentially increase of transmission power consumption, but also more fre-
quent exhaustion of the radio resource, even the system outage. On the other hand, 
comparing the curves of the two cases, we find that the EE becomes larger with the 
growth of the number of SUs under relatively lower rate requirement, while more 
SUs can contrarily lower the EE of the CR system if the rate requirements are higher 
than the cut-off. Because the CR network benefits from multiuser diversity for more 
SUs case when the rate requirement can be easily satisfied that a subchannel is more 
likely to be allocated to an SU who has good channel gain over it. However, the de-
gree of freedom for the SUs to get subchannels with good channel gains reduces in 
the CR system for the high rate requirements case. It means that some subchannels 
have to be allocated to the SUs with poor channel condition in order to meet the 
high rate requirement, which consumes much more power and lowers the system 
EE.

Convergence performance is another important indicator to evaluate the algo-
rithms. To verify the efficiency of our proposed algorithm, we give the CDF of 
number of Newton iterations in the barrier method to converge for both solving the 
relaxed RA problem and the optimal power allocation (PA) with different settings 

Fig. 4.7   EE versus the minimal rate requirement of SUs with N K= =64 4, , Pt = 1 W , 
Ps = 0 25. W  and Rk

min = 20  bit/symbol
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of N  in Fig. 4.9. Besides, the time cost of our proposed algorithm and the stan-
dard one which computes Newton step by matrix inversion are also investigated in 
Fig. 4.10. In Fig. 4.9, it is manifested that the number of Newton iterations varies in 
a narrow range with a given N  and increases slowly when the number of subchan-
nels gets larger. Figure 4.10 shows the average time cost (in second) as a function 
of number of subchannels over 1000 instances, for both the cases of the relaxed 
RA and the optimal PA. The elapsed time is counted by in-built tic-tac function in 
Matlab. It is remarkable that our proposed fast barrier method costs much less time 
for convergence, which is coincident with our analysis. Even when the number of 
subchannels is 256, the time cost is less than 0.2 s for the optimal PA, which can 
be further reduced for specialized computing platform. All these observations vali-
date that our proposed algorithm is efficient for the considered energy-efficient RA 
problem.

4.4  Summary

Different from the traditional RA in OFDM-based systems, energy-efficient RA 
problem arises as a critical issue in green communication with focus on the utiliza-
tion efficiency of energy. Actually, the increasing importance of green communica-
tion urges the operators to shift from pursuing maximum capacity to efficient energy 

Fig. 4.8   EE versus the minimal rate requirement of SUs with N L= =64 2, , Pt = 1 W  and 
Ps = 0 25. W
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Fig. 4.10   Average elapsed time for convergence

  

Fig. 4.9   CDF of the number of Newton iterations
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usage for wireless networks design. Due to the limited radio resource and the strict 
interference limits, EE in CR system is particularly important in order to achieve 
the desired capacity with less expenditure and greenhouse gas emission. However, 
the problem becomes even more challenging for many existing algorithms are no 
longer suitable. In this chapter, we have discussed the basic characteristics of the 
EE metric and proposed several approaches to handle a general case of the prob-
lem. Furthermore, a practical energy-efficient RA problem in multiuser CR system 
is formulated. Based on the relaxation idea, the problem is quickly solved by the 
hypograph-based algorithm using an improved barrier method [12, 17].
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Chapter 5
Trade-Off Between Spectral- and 
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Spectral-efficiency (SE) and energy-efficiency (EE) serve as two vital metrics in 
dynamic resource allocation, which have been investigated separately in the pre-
vious chapters. Actually, SE and EE, however, do not always coincide and even 
conflict with each other sometimes [1–3]. Such characteristic makes it impossible to 
achieve the optimal SE and EE simultaneously all the time. Hence, how to balance 
the SE and EE according to the preference of the network operator is well worth 
studying. In light of the fact that channel capacity scales linearly with the available 
bandwidth but increases logarithmically with the transmission power, it is possible 
to trade spectral for energy efficiency, that is, to realize energy saving while guaran-
teeing the desired quality of service (QoS) [4].

5.1 � SE-EE Relationship

In order to explore the inherent relationship between the SE and the EE, we consider 
the single-SU case of a CR system. There are L PUs in the primary system with 
total bandwidth of W . The CR system is operated with the spectrum sharing man-
ner using OFDM modulation that the bandwidth W  is divided into N  subchannels 
in the CR system.

Assume the channel gain of the nth subchannel in the CR system is denoted by hn
, 

the achievable rate over the nth subchannel with transmission power pn is

where N0  is the PSD of AWGN and Γ  is the SNR gap, that is, Γ = −
In BER( )

.

5

1 5
 for 

an uncoded MQAM with a specified BER. In
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Recall the definition of EE and SE,

where the sum rate is denoted by R  and the total transmission power is P. Pc  is 
the circuit power modeled as a linear function of system throughput with a static 
part Ps and a parameter ζ  denoting the dynamic power consumption of unit data 
rate

The interference constraints can be expressed as

where In l
SP
,  is the power gain from the CR transmitter to the receiver of the lth PU, 

which can be calculated as in [9]. Il
th  is the interference threshold of the lth PU. 

The CR system is also power-limited with the maximum transmission budget of Pt . 
Accordingly, the spectral or energy efficient power allocation problem can be writ-
ten as the following forms, respectively,

�

(5.1)

�

(5.2)

The algorithms to solve the above problems have been elaborated in the previous 
chapters. However, the objectives of the SE and the EE do not always coincide 
with each other; that is, sometimes, it is impossible to maximize the EE and the SE 
simultaneously.
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Theorem 5.1  For a given value of 
SEη  achieved with the power allocation P , the 

maximum * ( ) max ( )
nEE SE p EE SEη η η η=  is strictly quasiconcave in SEη . Moreover, 

without considering the power and interference constraints, the EE, * ( )EE SEη η , is 
first strictly increases and then strictly decreases with SEη , which is maximized at 

,maxSE EERη = W  with ,maxEER  denoting the achieved sum rate by maximizing the 
system EE.

Proof  Without the transmission power and interference limits, denote *
1R , *

2R  and 
*
3R  as the optimal rate vectors corresponding to the overall throughput R1, R2  and R3, 

respectively. Assume that R R R1 2 3< < , we set,

�

(5.3)

where 3 2

3 1

R R

R R
γ −

=
−

 and 0 1γ< < . The corresponding sum rate of the rate vector 

2R  is represented by R2. According to [6–8], P* ( )R  and I ( )R  is strictly convex 
in R , where P* ( )R  is the optimal power corresponding to the optimal rate vector R  
if there are a sufficiently large number of subchannels.

Thus, * * * * *
2 1 3( ) ( ) (1 ) ( )P P Pγ γ< + −R R R . Since R2

*  is the optimal rate vector 
corresponding to the overall throughput R2, we have P P* * *( ) ( )R R2 2≤ . So, we have 

* * * * * *
2 1 3( ) ( ) (1 ) ( )P P Pγ γ< + −R R R . Thus, for any given ( )SER Bη= , the minimum 

transmit power P R P* * *( ) ( )= R  is strictly convex in R  (or SEη ).

Denote the superlevel set of * ( )EE SEη η  as { }* ( )EE SERβ η η β= ≥S . βS  is equiv-

alent to { }* ( ) ( ) 0SE s SER P P R Bβ η β ζ η+ + − ≤ . As a result of the convexity of 
* ( )SEP η  proved above, βS  is strictly convex in 

SEη . Thus, * ( )EE SEη η  is strictly qua-
siconcave and has a unique global maximum.

It is obvious that

�

(5.4)
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Actually, the EE-SE curve can be drawn by solving the following problem to 
show its properties as proved in Theorem 5.1, that is

If we enumerate all possible C and obtain their corresponding optimal solutions 
to the above problem, then we can figure out the EE-SE curve and the properties 
therein. Alternatively, the above problem can be equivalently simplified into

This problem is strictly convex in nr ’s and can be solved by standard techniques, 
which will not be detailed here to keep this brief reasonable concise. According to 
the results, the curve of EE-SE is illustrated in Fig. 5.1, which is coincided to the 
analysis in Theorem 5.1.

If imposing the transmission power limit and interference constraints on the 
problem, the system SE will be bounded by a maximum value max

SEη  [5], which re-
sults in two different cases of the EE-SE curves. Let *

SEη  denote the SE achieved at 
the optimal EE *

EEη , if max *
SE SEη η≤ , the maximum EE max

EEη  is achieved at the point max
SEη  

as shown in Fig. 5.2 (Case 1). For this case, there is no inherent trade-off between 
EE and SE that both SEη  and EEη  can be maximized at the same time, since EEη  is 
monotone increasing with SEη  in the feasible regime. For Case 2 in Fig. 5.2, where 

max *
SE SEη η> , the EE is maximized at *

SEη  while the SE is maximized at max
SEη . In the 

shaded region in Fig. 5.3, it is possible to enhance the SE by reducing the EE and 
vice versa, which implies the potential trade-off between SE and EE.
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Fig. 5.1   Interrelationship between EE and SE
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Fig. 5.2   Different scenarios of EE-SE curves

 

Fig. 5.3   The EE-SE relationship and the trade-off operation between SE and EE
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5.2 � SE-EE Trade-off Operation

Based on the analysis in the last section, it is of interest to formulate strategies that 
can be applied to exploit the SE-EE trade-off relationship. In this section, we try 
to decide where to operate the network within the tradeoff regime that can provide 
maximal preferred utility to the network operator.

5.2.1 � Pareto Optimal Set

From the context of microeconomics, the domain * max,SE SEη η    in the case 2 of 
Fig.  5.2 resembles the production possibility frontier, whereby any point on the 
curve is Pareto optimal. It indicates the scenario where the available resources in the 
system are utilized in the best possible manner [11].

Definition 5.1  A point, p  is Pareto optimal if and only if there does not exist any other 
point p,  that ,( ) ( ),EE EEη η≥p p  ,( ), ( ),

SESE
η η≥p p  and at least one ( EEη  or SEη )  

has been improved.

Definition 5.2  The Pareto optimal set is the set of all Pareto optimal points.
Mathematically, we aim to maximize the EE and SE simultaneously, expressed 

by a multi-objective optimization problem as follows
�

(5.5)

According to the Theorem 5.1 and the analysis in the previous section, the optimal 
solution to the above problem can be described as

�

(5.6)

where p0  is the feasible region of the power allocation variables limited by the 
constraints in (5.5). In line with the Definition 5.1–5.2, all points for the case of 

* max
SE SEη η<  in (5.6) is Pareto optimal, implying the possibility of forgoing EE to gain 

an improvement in SE and vice versa.
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5.2.2 � Analysis of Utility Function

In terms of system preference, the network operator may be more inclined to either 
of the optimization metrics (SE or EE) to meet a certain requirement. For example, 
the demand to save the system expenditure indicates the first priority of EE, while 
the high SE is preferred than EE in a spectrum-limited case.

To facilitate system design, we should try to find a unique global solution from 
the Pareto optimal set. The degree of utility experienced by the network operator 
and a certain point of ( ,SE EEη η ) can be specified by a utility function, also known as 
the Scalarization method for solving multi-objective optimization [12]. Scalariza-
tion method is efficient to distinguish a unique point in the Pareto optimal set. We 
can transform the multi-object optimization problem (5.5) into a single-object opti-
mization problem by scalarization methods.

Define a new EE and SE trade-off metric

� (5.7)

where ω  is the preference factor with values in the range of [ ]0,1 , which is set by the 
network operator according to the importance attached on the SE or EE. In this case, 
the more closer to 1 of the parameter ω , the more inclination toward to maximize 
the SE and vice versa for improving EE. Then, the multi-objective optimization 
problem can be transformed to the following single-objective problem,

�

(5.8)

Notice that the case 1 in Fig. 5.2, where the optimal solution to EE and SE op-
timization is unique, is also included in this new-formed problem, since  
the utility function is also maximized at the point { }0* argmax p SEη= ∈p p p  
when * max

SE SEη η≥ .

5.2.3 � D.C. Programming

Here, we develop an efficient method to solve the optimization problem (5.8). Since 
the optimization objective is an exponent utility function, which is relatively diffi-
cult to deal with, we first introduce an equivalent transformation,
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�

(5.9)

where 1

N

n nP p== ∑  and 1

N

nnR r== ∑ . Therefore, (5.8) is equivalent to the following 
problem,

�

(5.10)

where f R( ) logp =  and ( ) (1 ) log ( )sg P P Rω ζ= − + +p . The objective ( ) ( )f p g− p  
is a D.C. (difference of two convex functions) function as both f ( )p  and g( )p  are 

concave. The gradient of g( )p  is 
1 2

( ) , ,...,
n

g g g
g p

p p p

 ∂ ∂ ∂
∇ =  ∂ ∂ ∂ 

 where

�

(5.11)

We propose a Frank-and-Wold (FW) procedure [13–15] which generates a sequence 
of improved feasible solutions. Initialized from a feasible (0)p , ( 1)t +p  at the tth iteration 
is generated as the optimal solution of the following convex optimization problem,

�

(5.12)

where < > =x y x yT, . Function g( )p  is slowly sensitive to a change in the 
variable p, so g( )p  is well approximated by its first order approximation 

( ) ( ) ( )( ) ( ),t t tg g+ < ∇ − >p p p p  at a fairly large neighborhood of p( )t . Thus the 
nonconvex optimization problem (5.10) is well approximated by the convex opti-
mization problem (5.12).
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As function ( )g p  is concave, its gradient ( )( )tg p  is also its super-gradient, we 
have

� (5.13)

Thus the convex optimization problem (5.12) provides a well approximated lower 
bound maximization for the nonconvex optimization problem (5.10).Besides, as

�

(5.14)

the next solution ( 1)t +p  is always better than the previous solution ( )tp .
By Cauchy theorem, since the constraint set is compact, the sequence of improved 

solutions p( )t{ } always converges. The iterative process terminates after finite itera-

tions at either ( ) ( 1)t t −− ≤∈p p  or ( ) ( )( ) ( 1)t tU U −− ≤∈p p  with threshold ∈.
The FW procedure to solve (5.10) is summarized as follows.

Algorithm 5-1: Initialization: Set t = 0 , choose p( )0  and calculate U ( )( )p 0 ;
The tth iteration: Solve the convex optimization problem (5.12) to obtain the 

solution P*  and set t t= +1 , p p( ) *t =  and calculate U t( )( )p ;

Stop if ( ) ( 1)( ) ( )t tV V −− ≤ ∈p p .
During each iteration, the optimal solution to the standard convex optimization 

problem (5.12) can be worked out by standard techniques [10]. Actually, the computa-
tional efficiency can be further improved by exploiting its special structure and apply-
ing the fast barrier method, which will not be elaborated for the lack of space. Instead, 
the idea and procedure of fast barrier method can be found in Chap. 3 or reference [5].

5.2.4 � Numerical Results

The potential trade-off between EE and SE and the effectiveness of the proposed 
utility function is demonstrated via a series of experiments. For simulation, we as-
sume the whole bandwidth is 0.96 MHz, which is divided into 64 OFDM subchan-
nels in the CR system. The path loss exponent is 4, the variance of shadowing effect 
is 10 dB and the amplitude of the multipath fading is Rayleigh. The PU band is 
randomly generated by uniform distribution with the maximum value of 2 3W L/ . 
The noise power is 10 13− W  and the interference threshold is 5 10 10× − W. The stat-
ic circuit power is set to 1 W and the parameter ζ  in the dynamic part is fixed to 
0.2 W/Mbps.

Assume the transmission power limit at the transmitter of CR system is 5 W, 
Fig. 5.3 illustrates the curve of EE-SE relationship and the possible trade-off opera-
tion with regard to different parameters of ω  in the utility function. In line with the 
analysis in the context, when ω = 0, efforts are made to maximize the EE, while SE 
is given the priority for the case of ω = 1. Indeed, different values of the parameter 
ω  imply the different degree of inclination toward to SE or EE of the system, as the 

( ) ( ) ( )( ) ( ) ( ), .t t tg P g g≤ + < ∇ − >p p p p
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points stamped on the EE-SE curve in Fig. 5.3. It means that the trade-off operation 
can be dynamically adjusted according to the preference of the network operator, as 
well as the instantaneous environment.

In Fig. 5.4, the normalized EE, SE and proposed utility metric achieved with 
the optimal power allocation is shown as a function of the parameter ω . Here, the 

EEη , SEη  and ( , )EE SEU η η  is normalized by dividing their maximum value in order 
to make them dimensionless and comparable. It can be found that the normalized 
SE is non-decreasing and the normalized EE is non-increasing with the increase of  
ω , which is coincided to the results in Fig. 5.3. The relationship between SE, EE 
and the utility metric are also involved in Fig. 5.3, which may simplify the selection 
of trade-off operation.

In short, the proposed utility metric allows easier operation on a certain trade-off 
between SE and EE. For example, we can choose 0.5ω =  for equally preferring for 
SE and EE. The designer or operator can take the parameter ω  as the guideline for 
wireless communication system design.

5.3 � Summary and Discussions

From the perspective of the network operators, different inclination and circum-
stances requires flexible strategies for system optimization. In other words, unitary 
pattern of EE or SE optimization, sometimes, fails to accommodate to the dynamic 

Fig. 5.4   EE, SE and the Utility under the optimal power allocation with different ω
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requirement of wireless communications. On the other hand, the interrelationship 
between SE and EE implies the potential trade-off between maximizing SE and EE. 
In this chapter we have mainly probed into the EE-SE relationship and developed 
the appropriate approach to exploit their possible trade-off. Specifically, inspired by 
the techniques in microeconomic theory, we have proposed a scalarization method 
to achieve the spectral- and energy-efficient trade-off operation, based on the spe-
cial mathematical properties of EE-SE relationship. The utility metric, regarded as a 
dynamic optimization criterion for system design, can flexibly adapt to the demands 
of network operator and achieve a desired balance in the trade-off between SE and 
EE. Although we have only considered the simplified single-SU case, the proposed 
methods for trade-off operation can be further extended to more complicated net-
works, such as the multiuser OFDM systems.

In this brief, we discussed the resource allocation problems in OFDM-based cog-
nitive radio system [16–20]. Spectral efficiency and energy efficiency are investi-
gated extensively, as well as the tradeoffs between them. By exploiting the structure 
of the formulated problems, we developed a series of efficient algorithms to deal 
with the intractable optimization tasks, which can yield remarkable capacity gains 
with reasonable complexity for practical wireless networks. Since cognitive radio 
techniques show great potentials in many unfolding fields, such as beyond 4G cel-
lular network and smart grid, we believe our research results shed some insights on 
how to design spectral- and energy-efficient cognitive radio systems in these fields, 
which can be interesting and promising research directions in future work.
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