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Abstract—In dynamic spectrum access (DSA), unlicensed sec-
ondary users (SUs) estimate the idle probabilities of primary
channels by using historical sensing results and opportunisti-
cally access the channel with the highest idle probability for
transmission. Due to the rapid traffic changes and irregular
user mobility, the primary channels can be highly dynamic and
their idle probabilities are generally time-varying. In this paper,
we investigate DSA in non-stationary environments. Specifically,
we consider two channel state models, i.e., the non-stationary
Bernoulli model with a time-varying mean and the non-stationary
Markovian model with a time-varying transition matrix. For
the single-SU scenario, we propose a Thompson sampling based
method with a change detection technique, which is capable of
detecting the variations of channel statistics and adjusting the
channel access strategy accordingly. For the multi-SU scenario,
we propose a Thompson sampling based collision alleviation
method to coordinate the transmissions of SUs, which does not
need any prior protocol or information exchange among SUs.
Numerical results show that the proposed methods outperform
the existing ones in terms of successful transmission ratio in
various network settings.

Index Terms—Dynamic spectrum access, multi-armed bandit,
non-stationary environment, Thompson sampling.

I. INTRODUCTION

WORLDWIDE measurements of spectrum usage have
revealed that a large portion of the spectrum is under-

utilized due to static spectrum management policy [1]. While
at the same time, there is an increasing demand for spectrum
resources due to the emerging wireless applications such as the
Internet of Things and virtual reality [2]. Therefore, to improve
the efficiency of spectrum utilization, a more flexible spectrum
management policy, namely dynamic spectrum access (DSA),
has gained a lot of attention.

In DSA, unlicensed secondary users (SUs) can opportunis-
tically access the channels of primary network when licensed
primary users (PUs) are absent [3, 4]. Since the availability of
primary channels is unknown to SUs, each SU has to sense
primary channels before opportunistic access [5–7]. Due to
hardware limitations, each SU can only sense a limited number
of channels in each time slot [8]. With incomplete spectrum
sensing, SUs try to identify the channel with the highest
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idle probability to acquire the highest chance of opportunistic
transmission. However, when SUs are geographically close to
each other, multiple SUs may access the same channel at the
same slot, which leads to collisions between secondary trans-
missions. Therefore, an efficient coordination mechanism is
needed to avoid collisions between SUs. The channel statistical
learning and the coordination among SUs are interrelated with
each other, which makes the design of a DSA policy highly
challenging.

Much effort has been devoted to DSA, in which a multi-
player multi-armed bandit (MPMAB) problem is formulat-
ed [9–15]. Specifically, a SU is seen as a player interacting
with a bandit machine with multiple arms. Each arm represents
a specific primary channel with an unknown idle probability. In
each round, the player pulls an arm, which represents spectrum
sensing in each transmission slot, and receives a reward that
represents the gain from the possible secondary transmission.
Thus, the goal is to maximize the cumulative reward of all
players within a given number of rounds.

Most existing works consider a stationary environment
where the idle probability of each primary channel is time-
invariant [16–20]. However, in practical networks, primary
channels can be highly dynamic due to the rapid changes of
primary traffic and the irregular mobility of wireless users. The
channel statistics are generally non-stationary and the corre-
sponding idle probabilities are time-variant. Therefore, these
existing DSA algorithms based on stationary assumptions
may suffer from severe performance degradation in practical
scenarios.

In this paper, we consider a more practical DSA scenario
where the idle probabilities of primary channels are not only
unknown but also time-varying. Specifically, we formulate a
non-stationary MPMAB problem. For the single-SU scenario,
we propose a Thompson sampling with change detection
(TSCD) method to track the network dynamics without prior
knowledge. For the multi-SU scenario, we propose a Thomp-
son sampling based collision alleviation (TSCA) method to
reduce collisions between SUs. The contributions of our work
are summarized as follows:
● We introduce two non-stationary channel state mod-

els, i.e., the non-stationary Bernoulli model and the
non-stationary Markovian model, to formulate the non-
stationary characteristics in practical DSA.

● We propose a Thompson sampling (TS) based method to
estimate the idle probabilities of primary channels, which
achieves a promising tradeoff between the exploitation of
the current best channel and the exploration of potential
better channels.
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TABLE I.
LIST OF MAIN NOTATIONS

am,t sensing action of SU m at slot t

Am(t) the set of M best channels of SU m at slot t

Dk,w change detection statistic

Fk number of busy slots of channel k

Jm,k number of successful transmissions of SU m in channel k

K number of channels

Lm,k number of collisions of SU m in channel k

M number of SUs

nk number of sensing times of channel k

pk,v idle probability of channel k in segment v

rm(t) reward of SU m at slot t

sk(t) state of channel k at slot t

Sk number of idle slots of channel k

T time horizon

V number of piecewise-stationary segments

w number of recent observations

δ threshold of the change detection technique

∆k,v change of idle probability of channel k in segment v

ζm(t) collision indicator of SU m at slot t

τ segment length

● We propose a double change detection technique to
detect the variations of channel statistics, which does not
need prior information and achieves a tradeoff between
timeliness and accuracy.

● We propose a distributed method based on TS to coor-
dinate the transmissions of multiple SUs, which requires
no dedicated control channels or pre-agreement of SUs.

The rest of the paper is organized as follows. In Section II,
we discuss the related work. In Section III, we introduce two
non-stationary channel state models and formulate DSA as a
non-stationary MPMAB problem. In section IV, we present
the proposed TSCD algorithm for the single-SU scenario. In
Section V, we extend the TSCD algorithm to the multi-SU
scenario by using the TSCA policy to alleviate the collisions
between SUs. Numerical results are given in Section VI.
Finally, we conclude the paper in Section VII. The main
notations used in this paper are summarized in Table I.

II. RELATED WORK

In the Bernoulli model, the state of each channel follows
a Bernoulli process with an unknown idle probability [10–
16]. In [10], each SU senses primary channels randomly and
calculates the channel ranking based on the sensing results.
The total number of required sensing slots is shown to be de-
termined by the idle probability gap between channels. In [11],
SUs sequentially sense primary channels, considering both the
availability and the transmission rate of each primary channel.
The total number of required sensing slots is determined by
the performance gap between the best and the second best
channels. In [12], an upper confidence bound (UCB) method
is introduced to DSA to efficiently balance the exploitation of
the currently best channel and the exploration of potentially
better channels. In [13], a modified UCB method is proposed

to reduce the number of suboptimal accesses, which converges
to the best channel more quickly as compared to the classical
UCB.

In the Markovian model, the state of each channel evolves
as a Markov chain [17–20]. In [17], a myopic algorithm
achieves the optimal performance when the transition matrix
of each channel is known a priori. In [18], the time slots
are split into staggered exploration and exploitation epochs.
During the exploration epochs, each SU randomly chooses
a primary channel to access. During the exploitation epochs,
each SU accesses the channel with the largest number of idle
observations in the previous exploration epoch. In [19], SUs
utilize the classic UCB to choose the sensing channel and stays
on the channel until an idle state is observed, which results
in a regenerative cycle. Observations inside the regenerative
cycle are stored and the rest are discarded.

In the multi-SU scenario, the transmissions of SUs need
to be coordinated to avoid transmission collisions. In [14], a
pre-agreement based orthogonalization policy ensures that SUs
access the estimated best channels in a round-robin fashion,
which guarantees fairness between different SUs. In [21], SUs
are assigned unique IDs and classified into groups according
to a prior protocol for collision-free access. To get rid of the
pre-agreement, each SU chooses one of the estimated best
channels based on a randomly selected rank [15]. In [16], a
coordination policy is proposed to further reduce the collisions
of the rank-based policy, which allows SUs to keep sensing
the same channel when a successful transmission occurs.

In the study of multi-armed bandit (MAB), non-stationary
environments have received extensive attention in recent years.
In [22], a discounting factor technique is introduced to the
UCB method to weaken the relevance of past observations. In
[23], the UCB algorithm is combined with a sliding window
technique, where only the observations in the sliding window
are taken into account. However, the algorithm cannot con-
verge with a limited window size. In [24], a change detection
technique is proposed to detect the changes in the reward
distribution of each arm.

Recently, TS based methods have gained a lot of attention
in the study of MAB problems [25–29]. They assume a prior
distribution for the unknown parameter (e.g., the expected
reward) of each arm. At each round, the player pulls an arm
according to its posterior probability of being the best arm.
Usually, the player can draw a sample from the posterior
distribution of each arm and play the arm with the largest
sample. Parameters of the posterior distribution are updated
by using the obtained reward.

III. SYSTEM MODEL

We consider a slotted DSA network with K = {1,2, . . . ,K}
independent channels and M = {1,2, . . . ,M} SUs, where
M ≤K is ensured to avoid SU congestion. The SUs are clock
synchronized and the entire time horizon is given by T . In any
slot t ∈ [1, T ], we denote by sk(t) ∈ {0,1} the instant state of
channel k, where sk(t) = 1 represents the channel is idle and
sk(t) = 0 represents the channel is occupied.

In each slot t, each SU m ∈ M can sense only one
channel am,t ∈ K and observes the corresponding channel
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Fig. 1. Non-stationary channel state model.

state sam,t(t). We assume that the sensing result of each SU
is always correct [30]. If sam,t(t) = 0, SU m does not transmit
and waits for the next slot. If sam,t(t) = 1, SU m transmits
on channel am,t. If no other SUs access channel am,t, SU
m receives an ACK signal at the end of the slot. Otherwise,
SU m suffers from a collision and receives a NACK signal.
We denote by ζm(t) ∈ {0,1} the collision indicator of SU m
at slot t, where ζm(t) = 0 represents a collision occurs and
ζm(t) = 1 represents a successful transmission. Thus, we have

ζm(t) =
⎧⎪⎪⎨⎪⎪⎩

0, ∃m
′
≠m ∶ am′ ,t = am,t

1, otherwise.
(1)

A. Non-Stationary Environment

An illustration of the considered non-stationary channel
state model is presented in Fig. 1. In the non-stationary
environments, the entire time horizon T is divided into V
piecewise-stationary segments with each segment containing
τ = T /V slots. In each segment v ∈ [1, V ], the idle probability
of channel k is fixed and denoted by pk,v, i.e., P[sk(t) = 1] =
pk,v , (v − 1)τ < t ≤ vτ . Note that pk,v and τ are unknown to
the SUs.

In the non-stationary Bernoulli model, for any channel k, the
channel state follows a Bernoulli process with a time-varying
idle probability pk,v , i.e,

sk(t) =
⎧⎪⎪⎨⎪⎪⎩

1, with pk,v

0, with 1 − pk,v,
(2)

where (v − 1)τ < t ≤ vτ . In the non-stationary Markovian
model, for any channel k in segment v, the channel state
evolves according to a time-varying transition matrix

ρk,v = [
ρ00k,v ρ01k,v
ρ10k,v ρ11k,v

] , (3)

where ρijk,v is the transition probability of channel k from
state i to j. The idle probability pk,v is given by the s-
tationary distribution with the transition matrix ρk,v, i.e.,
pk,v = ρ01k,v/(ρ01k,v + ρ10k,v).

B. Problem Formulation

We define the reward of SU m at slot t as

rm(t) = sam,t(t)ζm(t), (4)

which represents whether SU m gets a successful transmission
at slot t. The successful transmission ratio (STR) of the SUs
is given by

STR = 1

MT
E[

T

∑
t=1

M

∑
m=1

rm(t)]. (5)

An ideal DSA policy is to assign the M SUs to sense the
M channels with the largest pk,v values in each segment
v. However, due to the lack of information about pk,v and
τ , no practical policy can achieve the ideal performance.
Here, we aim to maximize the STR considering such practical
constraints of the SUs.

We note that the considered DSA can be formulated as a
non-stationary MPMAB problem. Each SU is a player who
pulls an arm am,t and gets a reward rm(t) in round t. Regret
is a commonly used metric for evaluating the performance of
a DSA policy, which is defined as the cumulative reward gap
between the ideal policy and the considered policy,

R(T ) = τ
V

∑
v=1
∑

k∈K∗v
pk,v −E[

V

∑
v=1

vτ

∑
t=(v−1)τ+1

M

∑
m=1

pam,t,vζm(t)],

(6)
where K∗v is the set of M channels with the largest pk,v
values in segment v. The SUs aim to minimize their regret by
choosing their access channels online based on the historical
observations.

IV. TSCD FOR SINGLE SU SCENARIO

In this section, we first consider a simplified scenario with
only one SU, i.e., M = 1, where the SU superscript m can be
omitted without any confusion. Specifically, we identify the
challenges of DSA for the single-SU scenario and propose
the TSCD algorithm for the SU to choose the sensing channel
at in each slot t.

A. Challenges

In the single-SU scenario, the considered problem in (6) is
reduced to a single player MAB problem with non-stationary
arms. There are two major challenges.
● Exploitation-Exploration Tradeoff: In each slot t, the

SU is faced with a dilemma between exploitation and
exploration, i.e., whether to sense the empirically best
channel for the largest immediate reward or to explore
other channels to learn their statistics for better transmis-
sions in the future.

● Non-Stationary Channels: In the non-stationary envi-
ronments, the channel statistics vary over time. The SU
needs to keep track of the variations of channel statistics
so as to maximize its long-term reward by accessing the
currently best channel.

B. Change Detection Technique

Change detection (CD) aims to detect the variations of the
idle probability pk,v by using a sequence of historical sensing
observations. We denote by ∆k,v the actual change in the idle
probability of channel k at the end of segment v, i.e., ∆k,v =
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∣pk,v+1 − pk,v ∣. A successful detection should raise an alarm
about the change of pk,v in segment v+1 as early as possible.

We denote by nk the number of sensing slots of channel
k. The corresponding historical observations are denoted by
Hk = {hk,1, hk,2, . . . , hk,nk

}. The CD algorithm detects the
change of pk,v by using the latest 2w observations in Hk. The
CD statistic of channel k is defined as the difference between
the average values of the first half and the last half of the 2w
observations, which is given by

Dk,w =
∣∑nk

i=nk−w+1 hk,i −∑nk−w
i=nk−2w+1 hk,i∣

w
. (7)

In the stationary environments, the 2w observations follow
the same distribution. The corresponding statistic Dk,w is
a zero-mean random variable and its variance decreases as
the observation window 2w increases. However, in the non-
stationary environments, a part of the 2w observations follow
the distribution with parameter pk,v and the rest observations
follow the distribution with parameter pk,v+1, which results in
a positive drift of Dk,w. Thus, we can set a threshold δ and
the CD method raises an alarm when Dk,w > δ.

We assume that the actual change ∆k,v always exceeds the
threshold δ, i.e., ∆k,v ≥ δ. For any ∆k,v − δ = c (c > 0), we
have [24]

P[Dk,w > δ] ≥ 1 − 2exp(−w(∆k,v − δ)2/2)
≥ 1 − 2exp(−wc2/2), (8)

where the first inequality is derived by using the McDiarmids
inequality. Therefore, when the 2w observations crosses two
segments, the CD algorithm raises an alarm with probability
at least 1 − 2exp(−wc2/2).

It has been shown that if the idle probability pk,v changes
by amount ∆k,v ≥ δ, then w ≥ 1/2δ2 is sufficient to detect the
change [31]. Note that a large threshold requires a smaller win-
dow size. There exists a tradeoff between detection timeliness
and detection accuracy. If δ is large, the CD method can detect
changes with fewer observations but the minimum change that
can be detected decreases. If δ is small, the CD method can
detect smaller changes but requires more observations, which
can result in a large detection delay.

To avoid an inappropriate setting of δ, we use a double
change detection method. Specifically, we set two thresholds in
our proposed TSCD algorithm, i.e., δ1 and δ2 with δ1 > δ2, and
perform a sequential CD for δ1 and δ2. The corresponding CD
statistics for these two thresholds are denoted by Dk,w1 and
Dk,w2 , respectively. If a change is detected with threshold δ1,
i.e., Dk,w1 > δ1, we reset the historical observations Hk ← ∅.
If no changes are detected, we try a smaller threshold δ2 to
detect a smaller change of pk,v . Also, if a change is detected,
i.e., Dk,w2 > δ2, we reset the observations Hk. The proposed
TSCD algorithm can quickly detect large changes, while still
being able to detect small changes with more observations.

C. Thompson Sampling Based Channel access

In each slot t, we apply TS to decide the channel at that
the SU tries to access. In each piecewise-stationary segment
v detected by the CD algorithm, the true idle probability

pk,v of channel k is approximated by a random variable Θk

following a beta distribution Beta(Sk, Fk), the probability
density function of which is given by

P (Θk) =
Γ(Sk + Fk)
Γ(Sk)Γ(Fk)

ΘSk−1
k (1 −Θk)Fk−1, (9)

where Γ is the Gamma function, Sk > 0 and Fk > 0 are
distribution parameters. For beta distribution Beta(Sk, Fk), the
mean of which is given by Sk/(Sk + Fk) and the variance is
given by SkFk/[(Sk + Fk + 1)(Sk + Fk)2] [32].

At slot t in segment v, the SU draws a sample θk(t) from
Beta(Sk, Fk) for each channel k ∈ K, which is assumed to
be an approximation of pk,v . To maximize the chance of
successful transmission, the SU chooses the channel with the
maximum sampling result, i.e.,

at = argmax
k∈K

θk(t). (10)

Upon observing the state sat(t), the parameters of the corre-
sponding beta distribution are updated as

Sat = Sat + sat(t), (11)
Fat = Fat + 1 − sat(t). (12)

Note that Sk represents the number of idle slots of channel
k, and Fk represents the number of busy slots of channel
k. Thus, the mean of the beta distribution Beta(Sk, Fk)
represents the frequency of idle slots. According to the law of
large numbers, the mean converges to the true idle probability
pk,v as the number of observations nk = Sk +Fk increases to
infinity, i.e.,

lim
nk→∞

Sk

Sk + Fk
= pk,v. (13)

Also, the variance of the beta distribution decreases to zero as
nat increases to infinity,

0 ≤ lim
nk→∞

SkFk

(Sk + Fk + 1)(Sk + Fk)2

≤ lim
nk→∞

1

4(Sk + Fk + 1)
= 0, (14)

where the second inequality is derived by using (x+y)2 ≥ 4xy.
Therefore, the sample θk(t) drawn from the time-varying beta
distribution converges to the true idle probability pk,v , i.e.,
limt→∞ θk(t) = pk,v .

On the one hand, the TS method ensures that the sample
θk(t) converges to the authentic idle probability. Thus, the
channel with the highest idle probability is chosen by the SU
with probability 1 as time goes to infinity, which maximizes
the total reward in the long term. On the other hand, during
the limited piecewise-stationary segment, random sampling of
the beta distribution implies that each channel has a chance
to be selected by the SU. Thus, the channel characteristics
can be fully explored. Therefore, the TS method achieves a
promising tradeoff between exploitation and exploration.
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Algorithm 1 TSCD for Single-SU Scenario

1: initialize Sk = 1, Fk = 1, nk = 0 and Hk = ∅ for all k ∈ K
2: for t = 1,2, . . . , T do
3: for each k ∈ K do
4: Draw θk(t) ∼ Beta(Sk, Fk)
5: end for
6: sense channel at given by (10) and observe state sat(t)
7: update Sat and Fat according to (11) and (12)
8: nat ← nat + 1, hat,nat

= sat(t)
9: Hat ←Hat ∪ {hat,nat

}
10: if nat ≥ 2w1 & Dat,w1 > δ1 then
11: Hat ← ∅
12: Sat = Fat = 1, nat = 0
13: else if nat ≥ 2w2 & Dat,w2 > δ2 then
14: Hat ← ∅
15: Sat = Fat = 1, nat = 0
16: end if
17: end for

D. Thompson Sampling with Change Detection

The proposed TSCD algorithm consists of two compo-
nents, i.e., the CD part and the TS part. The CD strategy
is responsible for detecting the variations of channel idle
probability in the non-stationary environments. The TS method
is responsible for balancing the exploration and exploitation
of channel selection in each detected piecewise-stationary
segment.

In each slot t, we first apply the TS method to decide the
sensing channel at based on the historical sensing observa-
tions. The observed channel state sat(t) is fed back to both
the TS method and the CD strategy. The TS method utilizes
sat(t) to update the parameters of distribution Beta(Sat , Fat)
for the next slot channel selection. The CD strategy utilizes
sat(t) to detect the statistical change of channel at and raises
an alarm to restart the TS method once a change is detected.
Details of the proposed TSCD algorithm are summarized in
Algorithm 1.

E. Regret Analysis

In this section, we present the regret analysis of our pro-
posed TSCD algorithm. The best channel in segment v is given
by k∗v = argmaxk∈K pk,v. The idle probability gap between
channel k and the best channel k∗v is denoted by εk,v and
we have εk,v = pk∗v,v − pk,v. Let d(p∣∣q) = pln(p

q
) + (1 −

p)ln( 1−p
1−q ) denote the Kullback-Leibler divergence between

two Bernoulli distributions with parameters p and q. We define
∆v = maxk∈K∆k,v and Qv(w) =

√
wln(2KT 2)

2∆v
+ 9T

2V

√
2
w

.
Theorem 1: Running the Algorithm 1 with δ1 =√
ln(2KT 2)/w1 and δ2 =

√
ln(2KT 2)/w2, we have

R(T ) ≤
V

∑
v=1
(R̃v +Cv)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(a)

+
V

∑
v=1

2min(T /V,Qv(w))

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
(b)

+ 2V
°
(c)

, (15)

where R̃v = ∑k∈K
εk,v(lnT+lnlnT )
d(pk∗v,v ∣∣pk,v) , Cv is a constant de-

pending on the values of p1,v, p2,v, . . . , pK,v and w =

argminw∈{w1,w2}Qv(w). Term (a) bounds the regret in the
detected piecewise-stationary segments, term (b) bounds the
regret incurred by the CD delay and term (c) gives the upper
bound of the regret associated with the false alarms and miss
detections. The segment length τ is large enough for CD.

Proof of Theorem 1: We first present the proof of term (a).
We demonstrate that the regret in each detected piecewise-
stationary segment v is lower than R̃v + Cv. Recall that the
regret in segment v is given by

Rv(τ) =
vτ

∑
t=(v−1)τ+1

pk∗v,v −E[
vτ

∑
t=(v−1)τ+1

pat,v], (16)

where τ ≤ T . To bound the regret Rv(τ), we rewrite it as

Rv(τ) = ∑
k∈K

εk,vE[nk]. (17)

Thus, we only need to bound the expected number of selec-
tions E[nk] of channel k since the gap εk,v between the best
channel k∗v and channel k is fixed. For each channel k and
ϵ > 0, there exist a constant Z(ϵ, pk∗v,v, pk,v) such that [32]

E[nk] ≤ (1 + ϵ)
lnT + lnlnT
d(pk∗v,v ∣∣pk,v)

+Z(ϵ, pk∗v,v, pk,v). (18)

Substituting in equation (17), we get

Rv(τ) ≤ (1 + ϵ)∑
k∈K

εk,v(lnτ + lnlnτ)
d(pk∗v,v ∣∣pk,v)

+Cv, (19)

where Cv = ε1,vZ(ϵ, pk∗v,v, p1,v) + ε2,vZ(ϵ, pk∗v,v, p2,v) + . . . +
εK,vZ(ϵ, pk∗v,v, pK,v). The fact that the inequality (19) holds
for every ϵ > 0 proves that the regret Rv(τ) in each detected
segment v is lower than R̃v +Cv.

Next, we give the proof of term (b). We denote by RD
v the

expected CD delay in segment v. If the actual change ∆k,v of
channel k exceeds the threshold δ1 and the number of sensing
slots nk is larger than the window 2w1, then the expected CD
delay RD

v is bounded by [24]

RD
v ≤

min(T /V,Qv(w1))
1 − 2exp(−w1c2/2)

. (20)

By setting c =
√
2ln(2T )/w1 and T ≥ 2, we further obtain

that

RD
v ≤

min(T /V,Qv(w1))
(1 − 1/T )

≤ 2min(T /V,Qv(w1)). (21)

If ∆k,v ≥ δ2 and nk ≥ 2w2, by setting c =
√
2ln(2T )/w2 and

T ≥ 2, we can also achieve that RD
v ≤ 2min(T /V,Qv(w2)).

Summing the CD delay regrets of all segments, we obtain that
∑V

v=1R
D
v ≤ ∑

V
v=1 2min(T /V,Qv(w)).

Last, we prove that the regret incurred by the false alarms
and miss detections is no more than 2V . We denote the
probability of raising a false alarm in each segment as Pfalse,
which is bounded by [24]

Pfalse ≤ 2wK(1 − (1 − 2exp(−wδ2))T /2w), (22)

where (w, δ) ∈ {(w1, δ1), (w2, δ2)}. Note that (1−x)a > 1−ax
for any a > 1 and 0 < x < 1. Using the fact in the
above inequality, we have that Pfalse ≤ 2KT exp(−wδ2). Since
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δ1 =
√

ln(2KT 2)/w1 and δ2 =
√

ln(2KT 2)/w2, we further
obtain that Pfalse ≤ 1/T . Considering the segment length τ ≤ T ,
this result means that at most one false alarm is raised in
each detected piecewise-stationary segment. In (8), we have
demonstrated that the probability of achieving a successful
change detection is at least 1−2exp(−wc2/2) in each detected
segment, where w ∈ {w1,w2}. By setting c =

√
2ln(2T )/w,

we have that the probability of miss detection is at most
2exp(−wc2/2) = 1/T . Thus, it is expected that only one miss
detection will occur in each segment. Therefore, the SU gets
less than 2V of regret caused by the false alarms and missed
detections on all segments.

V. TSCD-TSCA FOR MULTI-SU SCENARIO

In this section, we concentrate on the multi-SU DSA
scenario. We identify the corresponding challenges and extend
the TSCD algorithm to the multi-SU scenario, for which we
use the TSCA policy to orthogonalize the SUs on different
channels.

A. Challenges

If all the SUs apply the TSCD algorithm for the single-SU
scenario, then collisions are inevitable since they will choose
the same channel with the highest idle probability. In the multi-
SU scenario, in addition to competing for the channel with
high idle probability, the SUs need to cooperate with each
other to avoid collisions. There are two challenges to achieving
the tradeoff between competition and cooperation.
● Distributed Coordination: There are no prior protocols,

central controller, or dedicated control channels for the
SUs. For any SU m ∈M, there is no information of the
instant channels selected by other SUs and thus the SU
can only rely on its own collision indicator ζm(t).

● Unsynchronized Estimation: Due to the non-stationarity
of the environments and the randomness of the TSCD
algorithm, different SUs may have different estimations
of channel idle probabilities. Thus, classical order-based
schemes may lead to collisions since they assume that
SUs have the same estimation of channel ranking [15,
16].

B. Thompson Sampling Based Collision Alleviation

At slot t, we denote by θm(t) = [θm,1(t), . . . , θm,K(t)] the
samples that SU m draws for each channel k ∈ K by using
the TSCD algorithm. Let σ(i,θm(t)) be the index of the i-th
largest entry in θm(t). The estimated M best channels of SU
m are then given by

Am(t) = {σ(1,θm(t)), . . . , σ(M,θm(t))}. (23)

SU m can choose a channel am,t ∈ Am(t) to access. The
set Am(t) ensures that SU m can always access a channel
with a high idle probability. However, due to the absent of
coordination policy among the SUs, SU m may still encounter
a collision when accessing channel am,t. Thus, we propose the
TSCA policy to alleviate the collision.

Algorithm 2 TSCD-TSCA for Multi-SU Scenario

1: initialize Sm,k = 1, Fm,k = 1, nm,k = 0, Hm,k = ∅, Jm,k =
1, Lm,k = 1 for each SU m ∈M and channel k ∈ K

2: for each SU m ∈M do
3: for t = 1,2,3, . . . , T do
4: for each k ∈ K do
5: Draw θm,k(t) ∼ Beta(Sm,k, Fm,k)
6: end for
7: calculate Am(t) as in (23)
8: for each k ∈ Am(t) do
9: Draw ϕm,k(t) ∼ Beta(Jm,k, Lm,k)

10: end for
11: sense channel am,t given by (24) and observe

state sam,t(t)
12: update Sam,t and Fam,t according to (11) and (12)
13: nm,am,t ← nm,am,t + 1, ham,t,nam,t

= sam,t(t)
14: Hm,am,t ←Hm,am,t ∪ {ham,t,nam,t

}
15: perform change detection as in Algorithm 1
16: if sam,t(t) = 1 then
17: update Jm,am,t and Lm,am,t as in (25) and

(26)
18: end if
19: end for
20: end for

We denote ηm,k as the probability that SU m does not
encounter a collision when choosing channel k to access,
i.e., ηm,k = P[ζm(t) = 1∣am,t = k]. At each slot t, SU
m is supposed to access the channel with the highest ηm,k

in Am(t). However, the probability ηm,k of channel k is
unknown to SU m. Here, we propose a TS based method
to estimate ηm,k by using the historical collision indicators
ζm(t).

Specifically, for any SU m ∈M, ηm,k is approximated by
a random variable Φm,k, which follows a beta distribution
Beta(Jm,k, Lm,k). At slot t, SU m first draws a sample
θm,k(t) from Beta(Sm,k, Fm,k) for each channel k ∈ K and
calculates the corresponding M best channels Am(t). Then,
SU m draws a sample ϕm,k(t) from Beta(Jm,k, Lm,k) for
each channel k ∈ Am(t), which is assumed to be an approx-
imation of ηm,k. To maximize the probability of successful
transmission, SU m senses the channel with the maximum
sampling result, i.e.,

am,t = argmax
k∈Am(t)

ϕm,k(t). (24)

If sam,t(t) = 0, which means channel am,t is occupied
by the primary network, SU m does not transmit and no
ζm(t) is observed. Thus, we have no additional information
on ηm,am,t , and the parameters Jm,am,t and Lm,am,t keep
unchanged. If sam,t(t) = 1, which means channel am,t is idle,
SU m transmits data and observes ζm(t). We update the beta
distribution Beta(Jm,am,t , Lm,am,t) by

Jm,am,t = Jm,am,t + ζm(t), (25)
Lm,am,t = Lm,am,t + 1 − ζm(t). (26)
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(b) Non-stationary Markovian model

Fig. 2. Regret along with its 95% confidence interval as a
function of time slot for K = 20, T = 3000 and λ = 0.3.

Thus, for any SU m and channel k, Jm,k represents the total
number of successful transmissions (i.e., sk(t) = 1, ζm(t) = 1),
and Lm,k represents the total number of collisions (i.e.,
sk(t) = 1, ζm(t) = 0). Therefore, for similar reasons as we
explained for functions (11) and (12), the sample ϕm,k(t)
drawn from Beta(Jm,k, Lm,k) converges to ηm,k as the time
slot goes, which implies the SUs will split and choose different
channels to alleviate collisions. Details of the proposed TSCD-
TSCA algorithm are summarized in Algorithm 2.

VI. NUMERICAL RESULTS

In this section, we present the numerical results of our
proposed TSCD and TSCD-TSCA algorithms under different
network settings, i.e., channel number K, SU number M
and average idle probability λ = ∑K

k=1∑
V
v=1 pk,v/KV , which

represents the average primary load. The length of a slot is set
as 1ms and each segment contains τ = 1000 slots. Thus, the
idle probability of each channel remains unchanged within 1
second. For each channel k ∈ K in segment v ∈ [1, V ], the idle
probability pk,v is sampled uniformly from (0,1).

In the single-SU scenario, we compare the proposed TSCD
algorithm with the regenerative cycle algorithm (RCA) [19],
the TS [26] and the sliding window TS (SWTS) [29] algo-
rithms. The parameters of these algorithms are tuned as sug-
gested in the corresponding papers. Specifically, the window
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Fig. 3. Regret along with its 95% confidence interval as a
function of time slot for K = 20, T = 3000, λ = 0.3 and
M = 5.

size of the SWTS algorithm is set to 2
√
T lnT /(V − 1). In

addition, we also present the performance of an oracle as a
baseline, which always senses the channel with the highest idle
probability in each segment. For our proposed methods, the
change detection parameters are set as δ1 = 0.25, δ2 = 0.08,
w1 = 32 and w2 = 156 based on a series of experiments.
All numerical results are averaged by 1000 Monte Carlo
simulations.

In the multi-SU scenario, we combine the TS and the SWTS
algorithms with the proposed TSCA policy. The RCA algo-
rithm is extended to the multi-SU scenario by using a central
controller [19]. Note that in this paper we consider DSA in
a distributed scenario, where there is no central controller for
the SUs. The central controller ensures that no collision occurs
at each slot, but introduces additional signaling exchange and
communication costs. The performance of an oracle is also
presented, which assigns the M SUs to sense the M channels
with the highest idle probabilities in each segment.

A. Regret Performance

Fig. 2 shows the regret along with its 95% confidence
interval as a function of the time slot for K = 20, T = 3000
and λ = 0.3. Since the regret of the oracle is zero, we don’t
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(b) Non-stationary Markovian model

Fig. 4. STR as a function of average idle probability λ for
K = 20 and T = 10000.

show the curve of the oracle in the figure. The trends are
similar in the two non-stationary models. The regrets of the
algorithms increase with the time slot and the proposed TSCD
algorithm achieves the lowest regret, which can quickly detect
the change of channel idle probability and converge to the
best channel in each segment. The SWTS algorithm can also
adapt to the non-stationary environments. However, it only
uses recent observations in the sliding window, which results
in information loss and reduces its capability to identify the
best channel. The RCA algorithm and the TS algorithm cannot
track the changes of channel idle probability and the regrets
of them increase significantly with time.

Fig. 3 shows the regret along with its 95% confidence
interval as a function of the time slot for K = 20, T = 3000,
λ = 0.3 and M = 5. The regrets of the algorithms increase
with time and the proposed TSCD-TSCA algorithm achieves
the lowest regret after the second segment (t ≥ 2000). Due
to the central controller, the RCA-Central algorithm initially
shows the lowest regret. However, the RCA-Central algorithm
discards the observations outside the regenerative cycle, which
also has the problem of information loss. It cannot track the
changes of channel statistics and its convergence to the best
channel is limited due to the loss of information. Therefore,
the regret of the RCA-Central algorithm increases significantly
after the first segment.
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Fig. 5. STR as a function of average idle probability λ for
K = 20, M = 5 and T = 10000.

The proposed TSCD-TSCA algorithm can detect the
changes of idle probability and orthogonalize the SUs on
the M channels with the highest idle probabilities in each
segment. It shows a lower growth rate of regret than the
RCA-Central algorithm. The regret of the TS-TSCA algorithm
increases significantly with time since it cannot adapt to the
changes of channel statistics. The regret of the SWTS-TSCA
algorithm grows almost linearly in each segment as the loss
of information leads to a decrease in its convergence.

B. Successful Transmission Ratio
Fig. 4 shows the STRs of different single-SU DSA algo-

rithms as a function of average idle probability λ for K = 20
and T = 10000. As we can see, the STRs increase with λ for
all considered algorithms in the two non-stationary models,
since a larger λ implies more transmission opportunities.
When the primary channels are fully occupied, i.e., λ = 0, or
fully unoccupied, i.e., λ = 1, there is no difference between the
DSA algorithms. Thus, all considered algorithms achieve the
same performance in those extreme scenarios. When primary
channels are partially occupied, the proposed TSCD algorithm
outperforms the other algorithms as it can detect the changes
of channel statistics and maintains a balance between the
exploitation of the currently best channel and the exploration
of potential better channels.
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(a) Non-stationary Bernoulli model
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(b) Non-stationary Markovian model

Fig. 6. STR as a function of channel number K for λ = 0.3
and T = 10000.

Fig. 5 shows the STRs of different multi-SU DSA algo-
rithms as a function of average idle probability λ for K = 20,
M = 5 and T = 10000. In the multi-SU scenario, the
STR of a DSA algorithm depends not only on the channel
statistic learning but also on the coordination among SUs.
When λ < 0.1 or λ > 0.8, there is no obvious difference
in the statistical learning of each algorithm. The coordination
policy plays a more important role in the STR performance.
Thus, the RCA-Central algorithm achieves a higher STR than
the proposed TSCD-TSCA algorithm. When 0.1 < λ < 0.8,
the importance of statistical learning begins to manifest. The
proposed algorithm can quickly identify the best channels in
each segment and coordinate the SUs to access these channels
without collision, which achieves the highest STR.

Fig. 6 shows the STRs of different single-SU DSA al-
gorithms as a function of channel number K for λ = 0.3
and T = 10000. The proposed TSCD algorithm achieves the
highest STR among all considered algorithms except for the
oracle. Based on the largest order statistic, the mean idle
probability of the best channel increases with the number of
channels. Thus, the STR of the SU should increase with K.
However, the increasing number of channels also increases
the difficulty of identifying the best primary channel, as the
sensing capability of the SU stays the same. Note that the
window size 2

√
T logT /(V − 1) of the SWTS algorithm is

10 12 14 16 18 20 22 24 26 28 30

Channel number K

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

S
uc

ce
ss

fu
l t

ra
ns

m
is

si
on

 r
at

io

TS-TSCA
RCA-Central
SWTS-TSCA
TSCD-TSCA
Oracle

(a) Non-stationary Bernoulli model

10 12 14 16 18 20 22 24 26 28 30

Channel number K

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

S
uc

ce
ss

fu
l t

ra
ns

m
is

si
on

 r
at

io

TS-TSCA
RCA-Central
SWTS-TSCA
TSCD-TSCA
Oracle

(b) Non-stationary Markovian model

Fig. 7. STR as a function of channel number K for λ = 0.3,
M = 5 and T = 10000.

independent of channel number. When the channel number
becomes large, the increasing difficulty introduced by extra
channels offsets the additional transmission opportunities and
the curve of the SWTS algorithm flattens out.

Fig. 7 shows the STRs of different multi-SU DSA algo-
rithms as a function of channel number K for λ = 0.3,
M = 5 and T = 10000. The trends are similar to that in the
single-SU scenario. In both channel state models, the STRs
of the algorithms increase with K and the proposed TSCD-
TSCA algorithm achieves the highest STR. Compared with
other algorithms, the proposed TSCD-TSCA algorithm can
better deal with the additional exploration cost brought by
the increasing channel number. Thus, the gap between our
proposed algorithm and other algorithms increases with K.

Fig. 8 shows the STRs of different multi-SU DSA algo-
rithms as a function of SU number M for λ = 0.3, K = 20
and T = 10000. The average STR of each SU decreases
with M . The proposed TSCD-TSCA algorithm can quickly
orthogonalize the SUs on the M best channels in each segment
and thus achieves the highest STR except for the oracle. The
increasing SU number increases the difficulty of coordination,
as the total number of channels remains unchanged. Due to the
central controller, the RCA-Central algorithm ensures that no
collision occurs among the SUs regardless of the SU number
M . Thus, the RCA-Central algorithm shows a lower decrease
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Fig. 8. STR as a function of SU number M for λ = 0.3, K = 20
and T = 10000.

rate of STR than other algorithms.

VII. CONCLUSIONS
In this paper, we investigated the dynamic spectrum access

problem in non-stationary environments and proposed two
algorithms for the single-SU and the multi-SU scenarios,
respectively. In the single-SU scenario, the proposed TSCD al-
gorithm can effectively detect the changes of idle probabilities
without prior knowledge. Besides, the proposed TSCD algo-
rithm achieves a promising tradeoff between the exploitation
of the currently best channel and the exploration of potentially
better channels, which enables the SU to quickly converge to
the best channel in each piecewise-stationary segment. In the
multi-SU scenario, we propose a TS based collision alleviation
policy to orthogonalize the SUs on different channels in a
distributed manner, where there is no information exchange
among the SUs. Numerical results show that the proposed
algorithms yield a higher successful transmission ratio for the
SUs than the existing ones with various network parameters
such as the average idle probability, the number of channels
and SUs.
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