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Abstract—Small cells are introduced to cellular systems to en-
hance coverage and improve capacity. Densely deploying small
cells can not only offload the traffic of macrocells but also provide
an energy- and cost-efficient way to meet the sharp increase in
traffic demands in mobile networks. However, such a cell de-
ployment paradigm also leads to heterogeneous network (HetNet)
infrastructure and raises new challenges for cell planning. In this
paper, we study the cell planning issue in the HetNet. Our opti-
mization task is to select a subset of candidate sites to deploy macro
or small cells to minimize the total cost of ownership (TCO) or the
energy consumption of the cellular system while satisfying prac-
tical constraints. We introduce approximation algorithms to cope
with two different cell-planning cases, which are both NP-hard.
First, we discuss the macrocell-only case. Our proposed algorithm
achieves an approximation ratio of O(logR) in this scenario,
where R is the maximum achievable capacity of macrocells. Then,
we introduce an O(log R̃)-approximation algorithm to the small-
cell scenario, where R̃ is the maximum achievable capacity of a
macrocell with small cells overlaid on it. Numerical results indicate
that the HetNet can significantly reduce the TCO and the energy
consumption of the cellular system.

Index Terms—Approximation algorithm, cell planning, hetero-
geneous network (HetNet).

I. INTRODUCTION

W ITH the explosive growth of traffic demands in cellular
networks, service providers are obliged to increase the

system capacity significantly. Due to the high installation and
site acquisition cost, energy- and cost-efficient cell planning
appears to be of utmost importance for the service providers.
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Generally, cell planning refers to deploying a number of base
stations (BSs, also referred to as cells) at candidate sites and
configuring their parameters to provide required coverage with
guaranteed quality of service at the least cost.

In second-generation (2G) cellular networks, cell planning
usually consists of two stages. First, a set of macrocells is
selected from a candidate site list, each configured with a series
of radio parameters, such as transmission power, antenna type,
azimuth, and tilt, to provide radio coverage for the service area
[1]–[3]. The planning objective at this stage is to minimize the
total deployment cost while ensuring that the signal strength
is high enough for the users at the edge of each cell. Second,
radio frequency is grouped, and adjacent cells are assigned
to different frequency to leave the mutual interference among
them as low as possible so that the signal-to-interference-plus-
noise ratio (SINR) of the received signal is over a threshold
[4]–[6].

In third-generation (3G) cellular networks, frequency group-
ing is no longer necessary since each cell uses the whole radio
spectrum. It inevitably results in that a user may suffer strong
interference from adjacent cells. Cell planning always focuses
on how to select a set of cells from candidate sites and configure
their radio parameters, particularly transmission power, to keep
the SINRs of users above a predefined threshold. Generally, cell
planning for the 3G cellular systems is formulated as a capac-
itated facility location problem that is NP-hard [7]. Heuristic
methods, such as tabu search, simulated annealing, and genetic
algorithms, can be employed to address this problem [8], [9].

In the fourth-generation network and beyond, e.g., Third-
Generation Partnership Project Long-Term Evolution Advanced
(LTE-A), a heterogeneous network (HetNet) that generally con-
sists of macrocells and small cells, such as picocells, relays, and
femtocells, is deemed as an energy- and cost-efficient way to
keep up with the increasing traffic demands of users [10]–[13].
Femtocells are usually deployed by users in an unplanned way
to enhance indoor coverage. Picocells are operator-installed
and usually adopt the same backhaul and access features as
the macrocells, except for serving much smaller areas com-
pared with the macrocells. Picocells are usually deployed at
hotspots or coverage holes. The capital expenditure (CAPEX)
and operating expenditure (OPEX) of small cells are much
lower than that of the macrocells. Moreover, due to its much
lower transmission power and smaller size, the small cell only
requires flexible site acquisition, which is attractive for service
providers. By overlaying low-power and low-cost small cells in
the coverage holes, a HetNet can enhance coverage and improve
system capacity by offloading the traffic of macrocells.
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On the other hand, one of the most important issues fac-
ing the next-generation cellular system is the system energy
consumption, which always increases as the rapid growth of
traffic demands [14], [15]. It is worth noting that the power
consumption of BSs accounts for about 72% of the total power
consumption, and the data transmission only accounts for about
15% according to the investigation results given in [16]. In
other words, the power consumption of BSs is the majority of
the energy consumption of the cellular systems. Considering
that the power consumption of small cells is much lower than
that of the macrocells, the HetNet demonstrates great potential
to improve the energy efficiency of the cellular network as
discussed in [17]. An energy- and cost-efficient cell planning
strategy is of utmost importance for the HetNet, which has
been verified by our preliminary results [18], [19]. However,
planning macrocells and small cells in an almost optimal way
has not been studied extensively in the literature. Most of the
related works on the cell planning for HetNets only focus on
how to deploy the BSs to satisfy the traffic requirements under
ideal network models [20]–[22]. In [20], cell planning with
varying spatial and temporal user densities is studied, where
the optimization objective is to find the optimal BS locations to
satisfy the cell capacity constraint per subarea, as well as the
coverage requirement. The number of BSs is estimated, and a
meta-heuristic algorithm is developed to find the optimal BS
locations at the first stage, followed by a procedure to eliminate
redundant BSs. In [21], the total number of required BSs is
estimated first. Then, the locations and the coverage of all cells
are determined. Finally, small cells are deployed to fill the
coverage holes. In [22], the optimization target is to reduce the
total deployment cost and enhance the cell coverage, leading
to an intractable multiobjective integer programming problem,
which is addressed by a two-level search algorithm.

It is worth noting that mutual interference among cells
and spectral efficiency are not considered fully in [18]–[22].
We jointly consider power and bandwidth allocation, traffic
requirement, and spectral efficiency in this paper. We propose
a novel HetNet planning model that involves macrocells and
operator-installed small cells, where the transmission power
and bandwidth budgets are at different levels. We try to select a
subset of candidate sites to deploy macrocells and small cells
at the minimum total cost of ownership (TCO) or with the
least energy consumption to provide throughput and spectral
efficiency guarantee for all demand nodes (DNs). We inves-
tigate how to allocate power and bandwidth to maximize the
sum rate of a given set of cells, based on which we design ap-
proximation algorithms for different scenarios to provide worst-
case performance guaranteed cell planning schemes. First, an
approximation algorithm is introduced to solve the macro-only
cell planning case, which also indicates how to allocate band-
width to avoid the co-tier interference among macrocells. The
proposed algorithm can achieve an O(logR)-approximation
ratio, where R is the maximum achievable transmission rate of
the macrocells. Then, we develop an O(log R̃)-approximation
algorithm for the small-cell scenario, where R̃ is the maximum
achievable capacity of the macrocell with small cells overlaid
on it. Theoretical analysis and numerical results validate the
effectiveness of our proposed cell planning schemes.

TABLE I
NOTATIONS

The remainder of this paper is organized as follows. In
Section II, we illustrate network model and formulate the op-
timization task. In Section III, we address the power and band-
width allocation problem for a given set of cells. In Section IV,
approximation algorithms for the cell planning problems are
proposed in detail. In Section V, numerical results are given
with discussions. Conclusions are drawn in Section VI.

II. PROBLEM FORMULATION

A. Network Model

Some frequently used notations are listed in Table I.
Consider a HetNet where macrocells and small cells are

involved.1 The sets of candidate sites of macrocells and small
cells are denoted Nm and Ns, respectively. Denote N = Nm ∪
Ns = {1, 2, . . . , N} as the set of all candidate sites to deploy
cells. Macrocells provide wide basic coverage and support
high-mobility users to reduce handover frequency of the cel-
lular system. Small cells usually locate in the coverage of a
macrocell to serve users with high traffic demands. Denote
Mn as the set of small cells that can be covered by macrocell
n ∈ Nm. We assume that |Mn| is a constant integer. Pmax

n

is the transmission power budget of cell n. The maximum

1There are also small cells installed by users in an unplanned manner, which
are usually referred to as femtocells. Such kind of cells is not considered in this
paper. We consider the small cells deployed only by service providers.
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transmission power of a macrocell (e.g., 46 dBm) is usually
much higher than that of a small cell (e.g., 30 dBm).

Since the available spectrum below 3 GHz is limited, higher
frequency bands can be used by small cells to enjoy more avail-
able spectrum [23], e.g., the LTE-Hi project targets frequency
band from 3.4 to 3.6 GHz [24]. By exploiting wider bandwidth
in higher frequency, small cells can provide higher performance
in hotspots and indoor environments. In this paper, we assume
that macrocells and small cells use different frequency bands
to avoid cross-tier interference among them. The available
bandwidths of the macrocells and the small cells are Bm and
Bs, respectively.

Reducing TCO is of great interest to service providers, which
always includes CAPEX and OPEX. Denote

cn = cCAPEX
n + cOPEX

n (1)

as the cost of cell n, where cCAPEX
n and cOPEX

n are the CAPEX
and OPEX of the cell, respectively. cCAPEX

n is the total cost
of site acquisition, equipment installation, and civil works [16].
It is fixed and independent of wireless functionality. For cell
n, cOPEX

n mainly involves site rent, electricity, and operation
and maintenance (O&M). Thus, OPEX spent on cell n can be
expressed as follows:

cOPEX
n = y

(
c̄O&M
n + c̄EĒn

)
(2)

where y is operating years, c̄O&M
n is the cost of O&M of

cell n per year, c̄E is the cost of unit energy consumption,
and Ēn is the average energy consumption of the cell n per
year.2 Compared with a macrocell, a small cell is much more
economic in site acquisition, equipment installation, O&M, and
energy consumption.

We use a DN to represent the spatial distribution of traffic
demand as proposed in [2] and [3]. A DN represents average
traffic demand in a small area. The set of DNs is denoted K =
{1, 2, . . . ,K}. DN k ∈ K requires a minimal rate Rmin

k , where
Rmin

k > 0. Denote hk,n as the channel gain between cell n and
DN k, which is a function of the distance between the cell and
the DN with a predefined path-loss model. Denote bk,n and pk,n
as the bandwidth and power of the cell n allocated to the DN k,
respectively, the achievable rate of the DN k served by the cell
n can be calculated as

rk,n = bk,n log2

[
1 +

pk,n|hk,n|2
Γbk,n(N0 + Ik,n)

]
(3)

where Γ is the SNR gap and related to a given bit error rate
(BER) for a specific modulation/demodulation scheme, e.g.,
Γ = − ln(5BER)/1.6 for an uncoded multilevel quadrature
amplitude modulation system [25]. N0 is the power spectral
density of additive white Gaussian noise. Ik,n is the interference
introduced by adjacent cells with unit bandwidth.

2Since the power consumption of a cell site accounts for the majority of total
power consumption, we assume that the average energy consumption of each
cell per year, i.e., Ēn, is fixed and irrelevant to the transmission power.

B. Interference Model

In a practical HetNet, co-tier and cross-tier interference are
major factors that influence system capacity, which should be
managed properly in cell planning. In 2G cellular networks,
e.g., the GSM systems, radio frequency is grouped, and adja-
cent cells are assigned to different frequency to leave mutual
interference among the cells as low as possible. In 3G networks,
code-division multiple access is adopted, where the whole radio
spectrum is shared by all cells. Each user is assigned to a special
spreading sequence to avoid cochannel interference. Different
from conventional cellular networks, frequency grouping is no
longer required in the HetNet since the whole radio spectrum
is shared by co-tier cells. Furthermore, orthogonal frequency-
division multiplexing (OFDM) is employed in the HetNet for
adaptive resource allocation to exploit diversity gains among
users to improve the system throughput and energy-efficiency
[26]. Hence, mutual interference among cells varies signifi-
cantly due to the mobility of users and the changes of channel
gain. Power and bandwidth should be dynamically allocated to
users to achieve a high system capacity and decrease intercell
interference.

As mentioned earlier, small cells can use higher frequency
bands to further improve user throughput in hotspots and indoor
environments. Therefore, the cross-tier interference between
the small cells and the macrocells can be eliminated. Even if
macrocells and small cells use the same frequency band, result-
ing to heavy cross-tier interference among them, our proposed
cell planning schemes can also be adopted with necessary
modifications. For the LTE-A networks, macrocells are intercon-
nected with each other by X2 interface; therefore, coordinated-
multipoint transmission/reception and intercell interference
coordination can be employed to reduce intercell interference
[27], [28]. Due to the low transmission power of small cell
and the large propagation loss of high frequency bands, the
co-tier interference among small cells is usually slight if the
distances between them are far enough. Moreover, clustering
can be used to manage co-tier interference by coordinating the
transmissions of the cells [29], e.g., if a cell is in close proximity
of another, the two cells can be assigned to different spectrum.
Such a clustering strategy can still be deemed as a penalty of
co-tier interference in cell planning since the available band-
width is reduced for each cell. Even though they are selected
simultaneously, the co-tier interference can be safely managed
by assigning the cells to different frequency bands.

Denote Im and Is as the set of interference groups of macro-
cells and small cells, respectively, which can be predetermined.
Let I = Im ∪ Ip. For each subset N′ in I, the cells in N′ use
different spectra, and we have the following constraints:∑

n∈N1

∑
k∈K

bk,n ≤ Bm, N1 ∈ Im∑
n∈N2

∑
k∈K

bk,n ≤ Bs, N2 ∈ Is. (4)

We also need the following assumptions: If N1 and N2 are
two different subsets of I, then N1 ∩ N2 = ∅; if n1, n2 ∈ N ′,
where N′ is a subset of I, then Mn1

= Mn2
. It is reasonable

due to the wide coverage of macrocells. The latter ensures that
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the macrocells in groupN′ cover the same set as the small cells.
We use MN ′ to denote the set of small cells that can be covered
by the group N′ of macrocells.

Based on the analysis above, the co-tier interference and
cross-tier interference can be carefully managed, Ik,n is thus
approximately zero. Equation (3) can be rewritten as

rk,n = bk,n log2

(
1 +

pk,nHk,n

bk,n

)
(5)

where Hk,n = |hk,n|2/ΓN0. Note that rk,n is a concave func-
tion of pk,n and bk,n in (5).

C. Network Constraints

Define Boolean variables zn as the deployment indicators of
cells, i.e.,

zn =

{
1, cell n is selected

0, otherwise
∀n ∈ N .

For a practical cellular system, there are the following
constraints.

Power Budget: Each cell is power limited, i.e.,∑
k∈K

pk,n ≤ znP
max
n ∀n ∈ N . (6)

Bandwidth Budget: The available bandwidth of each cell is
also limited, i.e.,∑

k∈K
bk,n1

≤ zn1
Bm ∀n1 ∈ Nm∑

k∈K
bk,n2

≤ zn2
Bs ∀n2 ∈ Ns. (7)

Traffic Requirements: The selected cells should satisfy all
rate requirements of the DNs

Rk =
∑
n∈N

rk,n ≥ Rmin
k ∀ k ∈ K. (8)

Note that a DN is an abstraction of the average traffic demand
in a small area. In practical networks, a DN can be served by
multiple cells.

Spectral Efficiency Guarantee: Spectral efficiency is an im-
portant issue in cell planning from the viewpoint of the cellular
system. Without considering spectral efficiency, a DN far away
from a cell may consume most of the radio resource of the cell.
Define the spectral efficiency function SEk,n for k∈K, n∈N as

SEk,n =
rk,n
bk,n

= log2

(
1 +

pk,nHk,n

bk,n

)
. (9)

A minimum spectral efficiency is required if cell n allocates a
part of its bandwidth to DN k. If bk,n > 0, it requires that

SEk,n ≥ SEmin
k . (10)

According to (9) and (10), we have the following affine
constraint:

pk,n ≥ Δk,nbk,n (11)

where Δk,n = (2SEmin
k − 1)/Hk,n. Note that we usually take

the cell-edge user spectral efficiency requirement as the mini-
mum spectral efficiency.

D. Problem Formulation

Our optimization objective is to select a subset of N with
the minimum TCO to satisfy all rate requirements of uses in
K, while satisfying a series of network constraints. First, the
total allocated power and bandwidth of each cell cannot exceed
its maximum transmission power and available bandwidth.
Second, the rate requirements of all DNs should be satisfied
by the selected cells. Finally, the spectral efficiency on the
allocated bandwidth cannot be lower than a given threshold.
The optimization problem can be mathematically formulated
as follows:

min
zn,pk,n,bk,n

∑
n∈N

cnzn

s.t. C1 :
∑
k∈K

bk,n1
≤ zn1

Bm ∀n1 ∈ Nm

C2 :
∑
n∈N1

∑
k∈K

bk,n ≤ Bm ∀N1 ∈ Im

C3 :
∑
k∈K

bk,n2
≤ zn2

Bs ∀n2 ∈ Ns

C4 :
∑
n∈N2

∑
k∈K

bk,n ≤ Bs ∀N2 ∈ Is

C5 :
∑
k∈K

pk,n ≤ znP
max
n ∀n ∈ N

C6 : Rk ≥ Rmin
k ∀ k ∈ K

C7 : pk,n ≥ Δk,nbk,n ∀ k ∈ K, n ∈ N

C8 : max
n:n∈Nm,n′∈Mn

zn ≥ zn′ ∀n′ ∈ Ns

C9 : bk,n ≥ 0, pk,n ≥ 0 ∀ k ∈ K, n ∈ N
C10 : zn ∈ {0, 1} ∀n ∈ N . (12)

Note that (12) defines a general form of cell planning for the
HetNet. If our goal is to minimize the average system energy
consumption, we can set cCAPEX

n = 0 ∀n ∈ N and c̄O&M = 0.
Then, the objective becomes

min
zn,pk,n,bk,n

∑
n∈N

Ēnzn.

In the remainder of this paper, we mainly focus on the mini-
mization of TCO. The same methods can be employed to mini-
mize the system energy consumption by replacing cn by Ēn.

III. BANDWIDTH AND POWER ALLOCATION

FOR A GIVEN SUBSET OF CELLS

Notice that (12) is similar to a set cover problem with hard
capacities [30] without considering small cells. Additionally, a
generalized method to cope with the cell planning problem is
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proposed in [31]. However, the power and bandwidth are not
considered continuous variables to satisfy traffic demands. The
resource consumption for a cell to serve a DN is fixed, which
is only related to the traffic demand of the DN. It means that
the resource consumption is independent of the channel gain
between the DN and the cell. Recall that the method proposed
in [18] cannot be applied since there exist cells that need to use
different spectrum to avoid co-tier interference.

Before introducing our approximation algorithms, we need
to obtain the maximum satisfied sum rate of a given set of
cells where the achievable rate of each DN is kept below its
rate requirement. With this information, we can generalize the
results of [18], [30], and [31] to solve (12).

The bandwidth and power allocation problem for a given set
of cells is defined as follows: Given a set of macrocells N′

m

and a set of small cells N′
s, we try to work out the achievable

rate that can be sustained by those cells while keeping the
bandwidth and power constraints of the cells satisfied. Let N′ =
N′

m ∪N ′
s be the set of given cells andN ′ = |N ′| be the number

of cells in N′. Mathematically, the optimization problem is as
follows:

max
bk,n,pk,n

∑
n∈N ′

∑
k∈K

rk,n

s.t. C1 : 0 ≤ bk,n, 0 ≤ pk,n,Δk,nbk,n ≤ pk,n

∀ k ∈ K, n ∈ N ′

C2 :
∑
k∈K

bk,n1
≤ Bm ∀n1 ∈ N ′

m

C3 :
∑
k∈K

bk,n2
≤ Bs ∀n2 ∈ N ′

s

C4 :
∑

n1∈N ′
m∩N1

∑
k∈K

bk,n1
≤ Bm ∀N1 ∈ Im

C5 :
∑

n2∈N ′
s∩N2

∑
k∈K

bk,n2
≤ Bs ∀N2 ∈ Is

C6 :
∑
k∈K

pk,n ≤ Pmax
n ∀n ∈ N ′

C7 :
∑
n∈N ′

rk,n ≤ Rmin
k ∀ k ∈ K. (13)

It is worth noting that the achievable rate of each DN is
required below the minimum rate requirement in (13). With
the constraints in C7, N′ is a feasible solution to (12) if and
only if the optimal value of the objective function of (13) is∑

k∈K Rmin
k . More importantly, we can design approximation

algorithm to solve (12) based on the optimal solution to (13).
However, one requirement of a convex optimization problem is
that all inequality constraint functions are convex [32]. As men-
tioned earlier, C7 is concave for both bk,n and pk,n, resulting in
that (13) is not a convex/concave optimization problem. We use
a general transformation to yield an equivalent problem whose
feasible set is convex. Since

pk,n =
bk,n
Hk,n

·
(

2
rk,n
bk,n − 1

)

the equivalent problem of (13) can be written as

max
bk,n,rk,n

∑
n∈N ′

∑
k∈K

rk,n

s.t. 0 ≤ bk,n, 0 ≤ rk,n ∀ k ∈ K, n ∈ N ′

SEmin
k bk,n ≤ rk,n ∀ k ∈ K, n ∈ N ′

C2 ∼ C7 in (13). (14)

The objective function and the constraints C2, C3, C4, C5, C7

are affine for both bk,n, rk,n in (14). Moreover, C6 is convex
since pk,n is convex for both bk,n and rk,n. Thus, (14) defines a
convex optimization problem [32].

The barrier method is a standard technique to solve con-
strained convex optimization problems. It makes all inequality
constraints implicit in the optimization objective. The main
disadvantage of the barrier method is that the cost of storing
Hessian is high, as well as the load of computing Newton step.
To reduce the storage complexity and computational complex-
ity, we employ a fast barrier method by exploiting the special
structure of (14), as suggested in [33]–[35].

For N1,N2 that N1 ∈ Im, N2 ∈ Is and N′
m ∩N1 �= ∅,

N′
s ∩ N2 �= ∅, denote

bN1
= Bm −

∑
n1∈N ′

m∩N1

∑
k∈K

bk,n1

bN2
= Bs −

∑
n2∈N ′

s∩N2

∑
k∈K

bk,n2
.

Denote

bn1
= Bm −

∑
k∈K

bk,n1
∀n1 ∈ N ′

m

bn2
= Bs −

∑
k∈K

bk,n2
∀n2 ∈ N ′

s

pn = Pmax
n −

∑
k∈K

pk,n ∀n ∈ N ′

rk = Rmin
k −

∑
n∈N ′

rk,n ∀ k ∈ K.

Finally, for each k ∈ K, n ∈ N ′, denote

sk,n = rk,n − bk,nSEmin
k .

First, we collect all variables into one vector x ∈ R2KN ′
,

x = (r1,1, b1,1, r1,2, b1,2, . . . , rK,N ′ , bK,N ′). Then, we convert
all inequality constraints into a logarithmic barrier function
φ(x)

φ(x) = −
∑
n∈N ′

log bn −
∑
n∈N ′

log pn −
∑
k∈K

log rk

−
∑
n∈N ′

∑
k∈K

log rk,n −
∑
n∈N ′

∑
k∈K

log bk,n

−
∑
n∈N ′

∑
k∈K

log sk,n −
∑
N1

log bN1
−
∑
N2

log bN2
.
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The optimization problem can be converted into a sequence
of minimization problems by introducing a logarithmic barrier
function with a parameter t. For (14), its optimal solution can be
approximated by solving the following unconstrained convex
problem:

min
x

ψt(x) = −t
∑
n∈N ′

∑
k∈K

rk,n + φ(x).

As t increases, such an approximation becomes closer to the
optimal solution to (14). Generally, the Newton method is
preferred to solve the unconstrained convex problem mentioned
earlier because of its quadratic convergence property [32]. For
a given parameter t, Newton step �x can be computed by
solving the following equation:

∇2ψt(x)�x = −∇ψt(x) (15)

where ∇2ψt(x) and ∇ψt(x) are the Hessian and the gradient
of ψt(x), respectively. The Hessian of ψt(x) can be written as

∇2ψt(x) = diag(D1,1, . . . , DK,N ′) +
∑
k∈K

∇rk∇rTk
r2k

+
∑
n∈N ′

∇pn∇pTn
p2n

+
∑
n∈N ′

∇bn∇bTn
b2n

+
∑
N1

∇bN1
∇bTN1

b2N1

+
∑
N2

∇bN2
∇bTN2

b2N2

where Dk,n is presented in

Dk,n =

⎡⎣ 1
r2k,n

+ 1
pn

∂2pk,n

∂r2k,n

1
pn

∂2pk,n

∂rk,n∂bk,n

1
pn

∂2pk,n

∂bk,n∂rk,n

1
b2k,n

+ 1
pn

∂2pk,n

∂b2k,n

⎤⎦

+

⎡⎣ 1
s2k,n

−SEmin
k

s2k,n

−SEmin
k

s2k,n

(
SEmin

k

sk,n

)2

⎤⎦ . (16)

Due to the special structure of the Hessian, we can solve (15)
by using the method proposed in [33] and [34] efficiently. Based
on the analyses of [33] and [34], the computational complexity
is bounded by O(UKN ′), where U = max{K2, N2}. More
importantly, the storage complexity is bounded by O(KN ′)
intuitively, making that the method that can be applied to large-
scale wireless system. The outline of the barrier method is
summarized in Table II, where 0 ∈ R2KN ′

whose elements are
all zeros. εb and εn are the tolerances of the barrier method and
the Newton method, respectively. α and β are two constants
utilized in backtracking line search with α ∈ (0, 0.5) and β ∈
(0, 1). The step size of the backtracking line search is s with
s > 0. t and μ are parameters associated with a tradeoff be-
tween outer iterations and inner iterations. Based on the optimal
solution to (14), we can design approximation algorithms to
address the cell planning problem defined by (12).

TABLE II
BARRIER METHOD FOR BANDWIDTH AND POWER ALLOCATION

IV. APPROXIMATION ALGORITHMS FOR CELL PLANNING

Here, we first focus on the macro-only cell planning problem,
where small cells are not involved. We propose an O(logR)-
approximation algorithm to address the problem. Then, an
O(log R̃)-approximation algorithm for the cell planning with
small cells, which is based on the theoretical analyses of the
algorithm for macro-only cell planning, is also developed.

A. O(logR)-Approximation Algorithm for
Macro-only Cell Planning

Given a set N1 ⊆ N of cells, let w(N1) be the optimal value
of the objective function of (14). Denote c(N1) as the total cost
of N1. For each N2 ⊆ N , we define

wN1
(N2) = w(N1 ∪ N2)− w(N1)

WN1
(N2) =

wN1
(N2)

c(N2)
.

The key idea of our proposed algorithm lies in a greedy
strategy: We try to add a set of cells Gl at the lth iteration to
satisfy

WNl−1
(Gl) ≥ max

n∈Nm\Nl−1

WNl−1
({n})

WNl−1
(Gl) ≥ max

N ′∈Im
max
G⊆N ′

WNl−1
(G) (17)

where Nl is the set of selected cells at the lth iteration. If we
can find out Gl that satisfies (17), all possible combinations
of macrocells in an interference group should be searched
exhaustively at the lth iteration, which yields an unacceptable
computation burden. Fortunately, we can only search each
unselected cell to find Gl by using the following theorem.

Lemma 1: Given a subset N′ in Im, if cell n∗ ∈ N ′ can
maximize WNl−1

({n}) at the lth iteration, it always holds that

WNl−1
({n∗}) ≥ WNl−1

(G) ∀G ⊆ N′.

Proof: Given positive numbers a1, . . . , an and b1, . . . , bn,
we have the following fact:

Fact 1.

max
i=1,...,n

ai
bi

≥
∑

i∈I ai∑
i∈I bi

∀ I ⊆ {1, 2, . . . , n}.
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TABLE III
O(logR)-APPROXIMATION ALGORITHM

FOR MACRO-ONLY CELL PLANNING

By using Fact 1, we have

max
n∈N ′

WNl−1
({n}) ≥

∑
n∈GwNl−1

({n})∑
n∈G cn

∀G ⊆ N′.

Intuitively,
∑

n∈GwNl−1
({n}) is always not less thanwNl−1

(G).
Thus, it can be concluded that

max
n∈N ′

WNl−1
({n}) ≥

wNl−1
(G)∑

n∈G cn
≥ WNl−1

(G) ∀G ⊆ N′.

�
According to Lemma 1, we always select a candidate cell

to increase the system capacity with the least cost. That is,
the cell with the maximum average capacity per unit cost is
selected with priority. We test all remaining candidate cells at
each iteration and select a candidate cell nl to increase the
system capacity with the least cost. The cell always satisfies
(17). Such a procedure repeats until the rate requirements of all
DNs are satisfied. Then, the set of selected cells can be output as
a feasible solution. The outline of our proposed approximation
algorithm for macro-only cell planning is described in Table III,
where X\Y = {x ∈ X|x /∈ Y}. Note that the proposed algo-
rithm can always provide coverage if a feasible solution to the
planning problem exists because the worst case is that all cells
are selected.

B. Analysis of Algorithm 2

To analyze the approximation ratio of the proposed ap-
proximation algorithm (Algorithm 2), we need to describe the
optimal solution to (12) at first. Given a cell planning instance,
let z∗n, b

∗
k,n, p

∗
k,n be an optimal solution to (12), and let r∗k,n =

b∗k,n log2(1 + p∗k,nHk,n/b
∗
k,n) is the achievable transmission

rate. Without loss of generality, we assume
∑

n∈N r∗k,n =

Rmin
k . Denote N∗

m = {n ∈ Nm|z∗n = 1} as the set of selected
macrocells that exist in the optimal solution.

For each n ∈ N∗, denote R∗
n as the total transmission rate of

cell n

R∗
n =

∑
k∈K

r∗k,n.

Similar to a single-cell scenario, denote R∗
N ′ as the total trans-

mission rate of group N′ ∈ Im
R∗

N ′ =
∑
n∈N ′

z∗n
∑
k∈K

r∗k,n.

Each macrocell n ∈ N∗
m sustains a rate R∗

n at the employment
cost of cn. Each group N′ ∈ Im sustains a rate R∗

N ′ at the cost
of c(N′).

Theorem 1: Algorithm 2 achieves an approximation factor of
O(logR) for the macro-only cell planning problem defined by
(12), where

R = max

{
max
N ′∈Im

w(N′), max
n∈Nm

w ({n})
}
.

Proof: Let z′n, b
′
k,n, p

′
k,n be the solution of Algorithm 2.

DenoteL as the number of iterations and NL = {n ∈ Nm|z′n =
1} as the corresponding set of selected cells by Algorithm 2.

We divide N∗
m into two different subsets: N∗

1 and N∗
2 . N∗

1 is
the set of macrocells, which use whole bandwidth (also means
that there is no interference to other cells in N∗

m). N∗
2 is the

set of macrocells that have to use a part of bandwidth to avoid
mutual interference.

After the lth iteration, the cells in Nl have been selected. If
all the cells in N∗

m ∪ Nl are selected, the total traffic demand
is satisfied. We suppose that the cells in Nl satisfy w(Nl),
whereas the cells N∗

m\Nl provide the remaining traffic demand.
Suppose al(n) is the remaining traffic demand at the lth itera-
tion, n ∈ N∗

1 \Nl. If there exist at least two cells in N′ ∈ I that
are also in N∗

2 , we assume that al(Ñ ) is the remaining traffic
demand at the lth iteration, where Ñ = N′ ∩ N∗

2 . Intuitively, if
the procedure selects cell n ∈ N∗

1 at the lth iteration, we have
al+1(n) = 0. Similarly, if the procedure has selected all cells in
Ñ after the lth iteration, we also have al+1(Ñ ) = 0.

First, we consider the macrocell n in N∗
1 . As mentioned

earlier, if we add cell n to Nl, the rate requirement al(n) can be
obviously satisfied. Therefore, we have

al(n) ≤ wNl
({n}) . (18)

Based on (17) and (18), at the lth iteration, it holds that

WNl−1
({nl}) ≥ max

n′∈Nm

WNl−1
({n′})

≥ WNl−1
({n})

≥ al−1(n)/cn. (19)

Then, we charge the cost of each cell in N∗
1 at the lth

iteration. Since WNl−1
({nl}) = wNl−1

({nl})/cnl
, the cost of

cell n in N∗
1 at the lth iteration is

cl(n) =
al−1(n)− al(n)

WNl−1
({nl})

.

The total cost of cell n is

L∑
l=1

cl(n) =

L∑
l=1

al−1(n)− al(n)

WNl−1
({nl})

≤ cn ·
L∑

l=1

al−1(n)− al(n)

al−1(n)

≤ cn ·H (R∗
n)

= cn · O (logR∗
n)

≤ cn · O(logR) (20)

where H(r) is the rth harmonic number.
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Next, we consider the macrocells in N∗
2 . Similar to the

former proof, we have

al(Ñ ) ≤ wNl
(Ñ ) (21)

since Ñ can at least cover Ñ demands in the optimum. Similar
to (19), by using (17) and (21), it can be concluded that

WNl−1
({nl}) ≥

al−1(Ñ )

c(Ñ )
. (22)

We also charge the cost of Ñ at the lth iteration, where the cost
of Ñ at the lth iteration is

cl(Ñ ) =
al−1(Ñ )− al(Ñ )

WNl−1
({nl})

.

The total cost of cell N′ is

L∑
l=1

cl(Ñ ) =
L∑

l=1

al−1(Ñ )− al(Ñ )

WNl−1
({nl})

≤ c(Ñ ) ·
L∑

l=1

al−1(Ñ )− al(Ñ )

al−1(Ñ )

≤ c(Ñ ) ·H (R∗
N ′)

= c(Ñ ) ·O (logR∗
N ′)

≤ c(Ñ ) ·O(logR). (23)

Therefore, we can conclude that Algorithm 2 achieves an
approximation factor of O(logR) for macro-only cell planning
problem. �

Note that the first inequality of (23) gives a much tighter
bound than the third inequality. Although we cannot get the
information of the optimal solution, we can optimistically con-
clude that the solutions obtained by Algorithm 2 are better than
the provable worst-case theoretical bound.

C. O(log R̃)-Approximation Algorithm
for Cell Planning with Small Cells

Based on the theoretical analysis on the macro-only cell
planning problem, we can obtain that (18) and (21) always
hold in different situations. Therefore, the key technology of
designing the approximation algorithm for the cell planning
with small cells is how to find the cell that satisfies (19) and
(22). The difference between the macro-only case and that with
small cells is that a small cell should be installed only to cover
the macrocell that has been installed, which makes the problem
a little more difficult to solve. We can design an approximation
algorithm for the cell planning with small cells following the
same idea mentioned earlier. The key issue of the algorithm is
how to select cells at each iteration.

Denote N∗
m as the set of selected macrocells existing in the

optimal solution. N∗
s is the set of selected small cells. Similarly,

we divide N∗
m into two different subsets: N∗

1 and N∗
2 . N∗

1 is the
set of macrocells that use whole bandwidth, and N∗

2 is the set
of macrocells that use a part of bandwidth. Denote M∗

n as the

TABLE IV
O(log ˜R)-APPROXIMATION ALGORITHM FOR

CELL PLANNING WITH SMALL CELLS

set of selected small cells that can be covered by the macrocell
n ∈ N∗

1 . We treat macrocell n and M∗
n as a unity. Define N∗

n =
{n} ∪M∗

n. Suppose that al(n) is the remaining rate that should
be covered byN∗

n at the lth iteration. Intuitively, if we select N∗
n

at the lth iteration, al(n) can be satisfied. We have

al(n) ≤ wNl
(N∗

n) . (24)

For each group N′ ∈ Im, where |N ′ ∩ N∗
2 | ≥ 2, define

Ñ ′ = N′ ∩ N∗
2 and ˜M∗

N ′ = MN ′ ∩ N∗
s . We also suppose that

al(Ñ ′) is the remaining rate that should be covered by Ñ ′ and
˜M∗

N ′ at the lth iteration. It can be concluded that

al(N′) ≤ wNl

(
Ñ ′ ∪ ˜M∗

N ′

)
. (25)

Therefore, we try to add a set of cells Gl at the lth iteration
to satisfy

WNl−1
(Gl) ≥ max

n∈Nm\Nl−1

max
G⊆Mn

WNl−1
({n} ∪G)

WNl−1
(Gl) ≥ max

N ′∈Im
max
G1⊆N ′

G2⊆MN′

WNl−1
(G1 ∪G2). (26)

The outline of our proposed approximation algorithm for
cell planning with small cells is described in Table IV. We
also select a candidate cell (or cells) to increase the system
capacity with the least cost. That is, the cell with the maximum
average capacity per unit deployment cost is selected with
priority. Different from Algorithm 2, we also need to search all
possible combinations of small cells of which can be covered
by each unselected macrocell at each iteration. Based on the
following theorem, for each interference group, we only search
one macrocell and all possible combinations of small cells.

Lemma 2: Given a subset N′ in Im, if the subset of macro-
cells G1 ⊆ N′ with small cells G2 ⊆ MN ′ can maximizeW =
WNl−1

(G1 ∪G2) at the lth iteration, then it holds |G1| = 1.
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Proof: For the proof, see the Appendix. �
Lemma 3: If macrocell n has been selected before the lth

iteration and G∗ = argmaxG⊆Mn\Nl−1
WNl−1

(G) at the lth
iteration, then it holds |G∗| = 1.

Proof: By using Fact 1, for all G ⊆ Mn\Nl−1, we have

max
n∈Mn\Nl−1

WNl−1
({n}) ≥

∑
n∈G wNl−1

({n})∑
n∈G cn

≥
wNl−1

(G)∑
n∈G cn

≥ WNl−1
(G).

�
According to Lemma 3, we only need to search each unse-

lected small cell that can be covered by the selected macrocells
at each iteration.

For each n ∈ N∗
m, redefine R∗

n as the total transmission rate
of cell n, where

R∗
n =

∑
n′∈N ∗

n

∑
k∈K

r∗k,n.

Similar to single macrocell, redefine R∗
N ′ as the total transmis-

sion rate of group N′ ∈ Im, i.e.,

R∗
N ′ =

∑
n∈N ′∩N ∗

m

∑
k∈K

r∗k,n +
∑

n′∈M∗
N′

∑
k∈K

r∗k,n.

Each macrocell n ∈ N∗
m sustains a rate R∗

n at the employment
cost of cn. Each group N′ ∈ Im sustains a rate R∗

N ′ at the cost
of c(N′).

Theorem 2: Algorithm 3 achieves an approximation factor of
O(log R̃) for cell planning problem with small cells, where

R̃ = max

{
max
N ′∈Im

w(N′ ∪MN ′), max
n∈Nm

w ({n} ∪Mn)

}
.

Proof: We consider the macrocell n ∈ N that does not
belong to any N′ ⊆ I. As discussed in Lemma 2, we can sim-
ilarly prove thatal(n)≤wNl

(N∗
n)andal(n)≤wNl\{n}∪Mn

(N∗
n)

always hold. Therefore, we have

WNl−1
(Gl) ≥

al−1(n)

c (N∗
n)

.

The total cost of N∗
n is

L∑
l=1

cl(n) =

L∑
l=1

al−1(n)− al(n)

WNl−1
(Gl)

≤ c (N∗
n) ·H (R∗

n)

≤ c (N∗
n) ·O(log R̃). (27)

Next, we consider the group N′ ∈ I that has at least two
macrocells in the optimum. Similar to the proof given earlier,
we have

WNl−1
(Gl) ≥

al−1(Ñ ′)

c
(
Ñ ′ ∪ ˜M∗

N ′

) .

The total cost of N′ and M∗
N ′ is

L∑
l=1

cl(N′) =
L∑

l=1

al−1(Ñ ′)− al(Ñ ′)

WNl−1
(Gl)

≤ c
(
Ñ ′ ∪ ˜M∗

N ′

)
·H (R∗

N ′)

≤ c
(
Ñ ′ ∪ ˜M∗

N ′

)
·O(log R̃). (28)

In summary, Algorithm 3 achieves an approximation ratio of
O(log R̃) for the cell planning with small cells. �

D. Complexity Analysis and Further Discussion

The complexity of Algorithm 2 can be counted as follows.
We need to calculate the maximum capacity gain brought
by each remaining macrocell at each iteration. Therefore, the
computational complexity of each iteration is O(UKN2

m). The
overall complexity of Algorithm 2 is bounded byO(LUKN2

m).
The storage complexity is bounded by O(KNm) as mentioned
in Section III.

Different from Algorithm 2, we need to calculate the max-
imum capacity gain brought by the remaining macrocell n
and the subset of Mn by exhaustive search at each iteration.
Since we have assumed that |Mn| is limited to a constant in
the considered model, the computational complexity of each
iteration is bounded by O(UKN2). The overall complexity of
Algorithm 3 is also bounded by O(LUKN2). Again, the stor-
age complexity is bounded by O(KN). Note that we have to
search all possible combinations of small cells to work out the
optimal subset G∗ ⊆ Mn that can maximize WNl−1

({n} ∪G),
which costs huge computational load. To reduce computational
load, we can adopt some heuristic approaches without deteri-
orating the performance. For instance, we can set G = Mn in
the first place and calculate WNl−1

({n} ∪G). Then, we remove
the small cell n′ ∈ G that minimizes WNl−1

({n} ∪G\{n′})
from the subset G. Such procedure stops when WNl−1

({n} ∪
G\{n′}) < WNl−1

({n} ∪G). However, the worst-case theo-
retical bound of Algorithm 3 can no longer be guaranteed.

V. NUMERICAL RESULTS

We give numerical results to evaluate the performance of our
proposed algorithms. The system parameters, such as the path-
loss model, maximum transmission power, system bandwidth,
etc., are based on the specifications proposed in [36]. All results
are averaged over 200 Monte Carlo simulations. The service
area is 3 × 3 km2. There are 20 candidate sites for macrocells
and 100 candidate sites for small cells. Each candidate site is
uniformly distributed in the deployment area. The maximum
transmission power of a macrocell is 46 dBm. If the distance
between two macrocells is less than 500 m, they need to use
different spectrum. For a small cell, the transmission power is
limited by 30 dBm. If the distance between a macrocell and a
picocell is less than 800 m, the picocell can be covered by the
macrocell. There are 100 DNs that are distributed uniformly
in the deployment area. The required spectral efficiency SEmin

k

is 1 bit/Hz, and the rate requirement Rmin
k is 1 Mb/s for

each DN. Path loss (in decibels) from the macrocell to a DN
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Fig. 1. CDF of the number of Newton iterations required for convergence.
t(0) = 0.1, εb = εn = 10−3, μ = 10, α = 0.01, and β = 0.1.

is calculated as 128.1 + 37.6 log10(D), whereas the path loss
from a small cell to a DN is 140.7 + 36.7 log10(D), where D
is the distance between transmitter and receiver (in kilometers),
and the standard deviation of lognormal shadowing is 10 dB.
The noise power spectral density is −184 dBm/Hz and Γ is set
to 7.6288 (BER = 10−6).

First, we investigate the convergence of our proposed algo-
rithm. Fig. 1 gives the cumulative distribution function (cdf)
of the number of Newton iterations. Some key parameters are
set as follows: t(0) = 0.1, εb = εn = 10−3, μ = 10, α = 0.01,
and β = 0.1. As shown in Fig. 1, 95% of Newton iterations
are less than 60 for all cases. Moreover, the number of Newton
iterations only increases slightly as the increasing of DNs and
cells. We can conclude that our proposed barrier method works
effectively and efficiently even for large-scale wireless systems.

Then, we study the average TCO versus operating years.
For each macrocell, the CAPEX is distributed uniformly in
an interval of (8, 12), and the OPEX per year is distributed
uniformly in an interval of (1.6, 2.5). For each small cell,
the CAPEX and OPEX per year are distributed uniformly in
intervals of (8δ, 12δ) and (1.6δ, 2.5δ), respectively, where δ
is the average cost ratio of a small cell to a macrocell. The
available bandwidth of each cell is 100 MHz. We can observe
in Fig. 2 that the average TCO of HetNet is lower than that of
the macro-only scheme. Our proposal can save about 20% and
30% TCO for the cases of δ = 0.1 and δ = 0.01. Intuitively, the
TCO rapidly increases with longer operating years, as shown
in Fig. 2. In the end, cell planning with small cells is a cost-
efficient way to keep up with the increasing traffic demands.

We also investigate the changes of the average energy con-
sumption for different ζ, where ζ is the average energy consump-
tion ratio of a small cell to a macrocell. The energy consumption
of a macrocell is set to 10. As shown in Fig. 3, the cell
planning scheme with small cells is the most energy-efficient
scheme to satisfy the rate requirements of all users, even for
the case that the energy consumption of small cell is relatively
high compared with a macrocell (Note that ζ is usually far
less than 0.1 in a HetNet). We can observe in Fig. 3 that the

Fig. 2. Average TCO as a function of years. |Nm| = 20, |Ns| = 100, K =

100, SEmin
k = 1 bit/Hz, and Rmin

k = 1 Mbps for all k, Pmax
n = 40 W ∀n ∈

Nm, Pmax
n = 1 W ∀n ∈ Ns, and Bm = Bs = 100 MHz.

Fig. 3. Average energy consumption as a function of ζ. |Nm| = 20, |Ns| =
100, K = 100, SEmin

k = 1 bit/Hz and Rmin
k = 1 Mbps for all k, Pmax

n =

40 W ∀n ∈ Nm, Pmax
n = 1 W ∀n ∈ Ns.

average energy consumption of the HetNet is lower than that of
the macro-only scheme for different available bandwidth. Intu-
itively, more small cells can be selected when ζ decreases. As a
result, spatial spectrum reuse efficiency is improved, which can
satisfy more DNs at a relative low energy. When ζ ≥ 0.2, the
performance gap between HetNet scheme and others becomes
moderate. It is reasonable because a large ζ means that the
energy consumption of a small cell certainly increases to obtain
capacity gain benefitting from spatial spectrum efficiency. We
can conservatively conclude that our proposal is energy and cost
efficient for next-generation wireless systems.

VI. CONCLUSION

In this paper, we have studied the cell planning problem
in the heterogeneous cellular network. Given a candidate set
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of macrocells and small cells, the cell planning task for the
HetNet is to select a subset of cells with the minimum TCO to
fulfill the traffic demands of all DNs. We first tried to maximize
the sum rate of a given subset of cells while keeping the
achievable rate of each DN below its rate requirement. We used
a general transformation to yield an equivalent convex problem
and employed a fast barrier method to address it efficiently.
We then proposed an O(logR)-approximation algorithm to
solve macro-only cell planning. Based on the analysis on the
approximation algorithm, we further developed an O(log R̃)-
approximation algorithm for HetNet cell planning. Numerical
results are given and validate the capacity effectiveness of
the HetNet and the efficiency of our proposed approximation
algorithm, throwing some insights on how to plan HetNets.
However, although we discussed the interference management
issue briefly, such an important topic should be extensively
investigated in future work.

APPENDIX

PROOF OF LEMMA 2

Consider the case of G2 �= ∅, we can initiatively obtain

WNl−1∪G1
(G2) ≥ WNl−1

(G1)

since other G2 must be an empty set. Therefore, we have

WNl−1∪G2
(G1) ≤ WNl−1

(G2).

Since G1 and G2 can maximize WNl−1
(G1 ∪G2), we have

WNl−1∪G2
({n}) ≤ WNl−1∪G2

(G1) ∀n ∈ G1.

We can conclude that WNl−1∪G2
({n}) ≤ WNl−1

(G2), ∀n ∈
G1. In addition, we also have

WNl−1
(G1 ∪G2) =

wNl−1
(G2) + wNl−1∪G2

(G1)

c(G2) + c(G1)

≤
wNl−1

(G2) +
∑

n∈G1

wNl−1∪G2
({n})

c(G2) + c(G1)

≤ max
n∈G1

wNl−1
(G2) + wNl−1∪G2

({n})
c(G2) + cn

.

If the number of cells of G1 is larger than 1, we can select any
one to increase WNl−1

(G1 ∪G2). Therefore, we have |G1|=1.
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