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Abstract—Relay nodes are introduced to the next generation
cellular networks to enhance coverage and improve system
capacity, leading to a new radio network planning paradigm.
In this paper, we study two planning problems for cellular
networks with relay nodes: Minimum cost cell planning and
budgeted cell planning. The former is to minimize the total
installation cost for opening base stations (BSs), including macro
BSs and relay nodes, while satisfying all users’ traffic demands.
The latter is to maximize the number of users with predefined
traffic demands under a given budget. Both of the problems
are NP-hard. We present approximation algorithms to work out
promising solutions to these problems. For the minimum cost
cell planning, we develop an O(log W )-approximation algorithm,
where W is the maximum capacity of macro BSs. For the
budgeted cell planning, we prove that the problem is NP-hard
to approximate and give an 36;11 -approximation algorithm for
a special case of the problem, which is general enough to meet
practical requirements.

I. INTRODUCTION

Generally, traditional cell planning involves positioning base
stations (BSs), determining the power level of each BS,
and grouping radio frequency among antennas of BSs. The
optimization objective is to minimize the total deployment
cost or maximize the number of demand nodes with a given
deployment budget. For the second generation (2G) cellular
system, cells are usually planned in two stages. First, a set of
sites is selected from a candidate list, and configured with a
series of radio parameters. These BSs should satisfy predefined
service requirements, such as converging the service area with
strong enough signal strength, supplying system throughput
as high as possible [1-4]. In some cases, the objective of
planning is to minimize the total installation cost or maximize
the number of users with QoS guarantee [5, 6]. Second, radio
frequency is grouped to decrease the interference among
different cells [2-6] to an acceptable level.

For the third generation (3G) cellular networks, no frequen-
cy grouping is required because all cells can use the same
spectrum. The key purpose of planning is how to select a set of
sites from the candidate ones to minimize the cost while keep-
ing the signal-to-interference-plus-noise ratio (SINR) above
a predefined threshold [7-11]. Because the SINR is mainly
determined by the relative power of neighboring cells, power
control/allocation is one the most important issues for cell
planning in 3G systems. In [7-9], cell planning is formulated
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as the classical capacitated facility location problem, where the
optimization objective is to minimize the installation cost and
the transmission power. In [10, 11], the optimization objective
is to maximize the number of users served by the cellular
system with a given number of macro BSs.

In the standardization process of the next generation sys-
tems, such as 3GPP Long Term Evolution-Advanced (LTE-A),
relay technology has been actively discussed [12—14]. A relay
node can help a macro BS to expand its coverage or increase
throughput for the spots where the direct link between the BS
and a user suffers deep fading. Such spots can exist at a cell
edge or in the shadow of large objects, such as the towers
in downtown, underground constructions. Moreover, a relay
node can also compensate the coverage hole. Compare with
macro BSs, relay node has lower transmission power, smaller
physical size and much cheaper cost. Thus it can offer flexible
site acquisitions with relative low cost.

Most research for cell planning is concentrated on the
deployment of macro BSs. However, in this paper, we also
consider the deployment of relay nodes in cellular networks,
where the relay node can expand the service coverage of a
macro BS but cannot provide additional capacity. We formu-
late two general cell planning problems. The first is how to
position the macro BSs and relay nodes with minimum cost
while satisfying all traffic demands of users. The second one
is how to maximize the number of demand nodes with a given
installation budget. Both problems are NP-hard. We develop
approximation algorithms to tackle them in an efficient way.

The remainder of this paper is organized as follows. In Sec-
tion II, we formulate the cell planning problems. In Section III,
approximation algorithms are presented in details. In Section
IV, numerical results are given and discussed. Conclusion is
drawn in Section V.

II. PROBLEM FORMULATION

Consider an area served by a cellular network. Denote the
candidate sites for deploying macro BSs as 7 = {1,2,...,I}
and the demand nodes as J = {1,2,...,J}. Each macro BS
1 € 7 has a capacity w;, installation cost cf” , and each demand
node j € J requests a traffic demand d;. The coverage of
macro BS 7 is denoted as SZ-M C J. A demand node can be
served by multiple macro BSs.



Denote the candidate sites for deploying relay nodes as C =
{1,2,...,K}. The relay node k € K has a installation cost ¢/
and is connected to a macro BS. Similar to macro BS, relay
node k has a coverage area Sf C J. Denote the set of relay
nodes connected to the macro BS 7 as Kj, i.e., K = Ule K;
and K; N Ky = 0, for all 4,7' € Z,i # i'. We assume that
|K;| is limited by a constant number.

Define z} as an index variable which indicates macro BS
1 is selected or not

M _

Let 27 be the selection variable of relay node k

1 macro BS 7 is selected,

0 otherwise, viel.

o 1 relay npde k is selected, VE € K.
0 otherwise,

A. Minimum Cost Cell Planning

The minimum cost cell planning problem is how to select
a subset from Z and a subset from K to satisfy all traffic
demands with the minimum installation cost. The optimization
problem can be formulated as follows,

min Y MM 4+ SRR

i€l kel
st. Cy: Z Tij = dj,Vj ceJ,
€T
Cy: Z Tij < wizijw7v’i €7,
JjET
Cg:.’L‘ij ZO,ViEI,jESf\/I7

Cy:
Cs: 2M € {0,1},Vi € T,
Co: 2t € {0,1},Vk € K,
Cr:2M > z,f,Vi el keK,,

R , . M
MaXy. je s rek, Wiy >y >0,YieZ,j¢ S,

ey
where z;; is the capacity of macro BS i allocated to demand
node j, Vi € 7,5 € J. Cy means that all traffic demands
should be satisfied. Cs is the capacity constraint of macro BS.
Cs and C} are the coverage constraints. C'; indicates that relay
node k£ € K; can be selected only when macro BS 4 has been
selected.

B. Budgeted Cell Planning

Unlike the minimum cost cell planning problem, the bud-
geted cell planning problem is how to select a subset from
7 and a subset from K to maximize the number of satisfied
demand nodes, while the total installation cost cannot exceed
a given budget B. Let y; be the selection variable of demand
node j

y; = { 1 demand node j is fully satisfied,

Yj —

0 otherwise, vied.

3039

Mathematically, the optimization problem can be formulated
as,

max ) y;

JjET

Z fEl‘j = djyj,Vj c j,
i€l

Z Tij < ’U)lZlA/[,V’L ez,
JjET

Tij >0,Vi €l,je SlM,

st. Cq:
Csy:
Cs:
Cy:
Cs :
Cs :
Cr:
Cs:
Cy :

R . ; M
MaXy je Sk ke K; Wik >y >0,VieZ,j¢s”,

> ez + 3 olzl < B,
i€L kek

zM € {0,1},Vi € T,

z]}j € {0,1},Vk e K,

M >R VielkeK,,

y; €{0,1},Vj e J.
(2)

C'5 indicates that the total installation cost cannot exceed B.

III. OUR PROPOSED ALGORITHMS

In general, Eq.(1) and Eq.(2) cannot be solved efficiently
since both of them are NP-hard. Furthermore, even if the
number of macro BSs I is a constant, Eq.(2) is still intractable
because maximizing the number of demand nodes severed by
a given set of macro BSs is a multidimensional 0-1 knapsack
problem which is also NP-hard.

A. O(log W)-Approximation Algorithm for Minimum Cost
Cell Planning

Let f(I', K') be the maximum traffic demands supplied by
a given set of macro BSs I’ C Z and relay nodes K’ C K.
Denote S; C J as a set of demand nodes which can be served
by macro BS i or relay node k, where k € K; N K’. We can
calculate the f(I’, K') by solving the following linear program
problem:

max y. ». &
JET iel’
s.t. Cl :

> wij <dj,VjEe T,
i€l
CQ : Z Tij < wi,W c I/, 3)
JjET
03 L Ty 2 O,V’L € Il,j S SZ‘7
Cy: Tij = 0,Vi € I/,j §é S;.
Denote c(I’, K') as the total cost for such a deployment. For
I CTand K C K, define
FI'UIL,K'UK) - f(I',K)
o(I,K)
the outline of the approximation algorithm (Algorithm 1) is
described in Table I, where Algorithm 2 is given in Table II
and X\Y ={z|lz € X,z ¢ Y}.
Let (I], K]) be a solution at the end of the th iteration of
Algorithm 1. Without loss of generality, let ¢; and k; be the

Frgo(IK) = ;@



TABLE I
ALGORITHM 1

I'=0,K'=0,T"=7Z, K* =K, l=0.
while f(I', K') <. d; do
l=14+1,F=0;
for all : € I* do
find G; C K; that maximizes F; = Fy/ g/ ({1}, G;) and
update F) i, k; by using Algorithm 2;
6: end for
7. forallie I’ do
8: find k; € K;\K’ that maximizes F, = Fpr g/ (0, {k}});
9: if F; > F

A

10: =0,k = {k;}, F = Fi’;

11: end if

12:  end for

13: I'=T'Uq, I*=1*\i;, K = K' Uk, K* = K*\k;;

14:end while
15:return (I', K')

TABLE 11
ALGORITHM 2

1. Kf ={G} ‘FI’U{ 1, K/((Z) G )> max{F, Fy: g ({i}, D)},
IGil =1} v = =K/

2:if K =0 and Fprr g ({i } @) >F

3: ’Ll = {Z} k}l 7@ F = FI’ K’({ },@);

4: end if

5: while K] # 0 and v < | K|

6: find G; C K that maximizes F; = F/ g ({i}, G:);

7. fF;>F

S Kf = {GIIFpou 00,61 > B G = 1%

9: ’Ll—{}k:l G F—F‘

10:  end if

11: KZ,:{G; U/GrlFl’U{i},K’(vag) >F,G; EK;G: S
KrGinG:r =0 y=v+1;

12:end while

13:return i;, k;, F’

set of selected macro BSs and the set of selected relay nodes
added to I}, and K|, at the th iteration, respectively.

At the [th iteration of Algorithm 1, it always holds
Fr

’
Z—I’Klfl

(i, k) > Fr_ k. ({3},G),i € I\I}_4,G C K,
®)
Proof: At the beginning of proof, we need to prove that

Algorithm 2 can always find G; C K; which can maximize

Froox ({i } G,) for each unselected macro BS ¢ € Z\I]_,.
If Fzg Lk ({iH0) = Froupy (0,G),VG C
K;, |G| =1, it always holds
P e b0 2 e B g, (0,0)

Yccarc=1 f_ oy, (0,G)
Y acerc)=1 ¢(G)

fr_ oy (0,G7)
(@)

3VGI g Ki»

where follows by % < max , for a;,b; > 0,Vi and

fo_ ok [(0,G)< Y fr ki 1((Z) {k}) Hence, we have
el
Fr_ o ({i10) > Fr | x  ({i}, G), VG C K,
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which follows “0 > (g"igl when ’ZC‘)’ >3 4 for ag, a1, by, b1 >
0. For this case "the macro BS has the pnority.
On the contrary, we ignore relay node k which satisfies

Frogiyi (0,{k}) < Fp g ({i},0) since we will get
i 0) > Fr g (i) {ED).

-1
Also, we also ignore the combination of relay nodes G’ which
meet the requirement of Fy. 5y x/ (0, G') < F. When K| = ()
happens, which also means Fpyy,x/(0,G") < F, for all
G’ € K[, we have

Fp k. ({i},G") < F.

3 apta; aptas
which follows Db b

ZT()]’ for ap, a1, az, b07 bl, b2 > 0.
For unselected relay nodes of macro BS 7 € 1, 1’71, we ignore
all combinations of relay nodes since

Fy

-1’

>

when agtar , az

a
b 2 b and

512

cor w0,k
Fr_ k(0,67 < 2keq ffC(G; (0, {k})
< (R )
S REE T AR
= maxFy gy (0,{k}),

VG C KN\K]_,. n

Algorithm 1 achieves an approximation of O(log W),
where W = max;czw;.

Proof: Let (OPTy, OPTk) be the optimal solution. For
each macro BS i € OPTy, define H; = OPTk N K;. Let
{z7;} be a solution to the Eq.(3) with input (OPT7,OPTk).
Macro BS i € OPTy supplys >, ; %;; traffic demands with
a cost of ¢(OPT;,OPT¥).

Next, we inductively define a;(¢) as the traffic demand
which is not satisfied after [ iterations for each macro BS
i € OPTy. If add i to I] and H; to K/, the remaining traffic
demands a;(7) can be satisfied and we always have

Consider macro BS i € OPT7\I]. According to the Eq.(5)
and the Eq.(6), we have

o (i, k)

ar(i) < f(I7 Ui}, K U H;)

Fy

-1’

> Fp

o (Y H))
> a1 (i) /e({i}, Hy).

In the case that adding ¢ € OPT7 to I’, but not adding H;
to K’ at the [th iteration, we also have

Fr ok (i, k) L (0 HAK )
> ai-1(i)/c(0, H\K]_,)
> a;—1(8)/c({i}, H;).

Now, we calculate the extra cost of the deployment deter-
mined by Algorithm 1 compared with the optimal solution.
If we add ¢ € OPTy to I] | and H; to K] ;| at the Ith
iteration, there is no extra cost, since OPT; and OPT) also

K/’

K, > Fr

()



include such items. Otherwise, the extra cost can be computed
as follows,

Cl(i) = (al,l(i) - al(i)) . Flz/fl’Kzlfl (il, kl) (9)
Therefore, we have
L . L . . .
>oa() =Y (a-1(i) —a(i)Fr_ Kk (i, ki)
=1 1_1. Lo
<c({i},Hi) > 7’17;71@; -
_ = - (10)
=c({i}, Hi) - H(X ;e %ij)
= c({i}, H;) - O(log(3_ ¢ 5 7i;))
= c({1}, H;) - O(log w;),
where H(r) is the rth harmonic number, L is the num-

ber of iterations. So ¢(I’,K’) is bounded by O(logW) -
C(OPT],OPTK). |

B. Inapproximability of Budgeted Cell Planning

The budgeted cell planning problem is strong NP-hard
because finding a feasible solution to it is also NP-hard.
Proof: Given an instance of the budgeted cell planning
problem with Z = {1,2,..., I}, K =0, |J| =1, B=d; and
w; = Cf»w, 1 € Z. The demand node is satisfied if and only if
there exists I’ C 7 with

Zwi:ch:dlzB.

iel’ iel’

(1)

The problem of finding a subset I’ C 7 that satisfies the
Eq.(11) follows the subset sum problem which is NP-hard
[15]. Thus the budgeted cell planning problem is hard to
approximate. |

C. 3‘3;11 -Approximation algorithm for a Spacial Case of the

Budgeted Cell Planning Problem

Consider a restrictive version of the budgeted cell planning
problem which is general practical for cellular networks.
Assume that a set of k¥ macro BSs can fully satisfy at least &
demand nodes, for a positive integer &, such a budgeted cell
planning problem is still NP-hard but not hard to approximate.
The algorithm for this spacial case generalizes the results
of the [16]. First, consider the Eq.(2) with an additional
constraint:

zi; €{0,d;},ieZ,je ], (12)

which means that a demand node can be served by at most one
macro BS. With such an additional constraint, we can achieve
an approximation ratio of (1 — 1/e) which is the best by now
[17]. The outline of the approximation algorithm (Algorithm
3) for the Eq.(12) is described in Table III, where N/ g (I, K)
can be calculated as follows,

No(I' UILK' UK) — Na(I', H')
oI, K)

where N4(I’, K') is the number of demand nodes satisfied

by a given set of macro BSs I’ and a given set of relay

NI’,K’(TJ:?) =

, (13)
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TABLE III
ALGORITHM 3

Lforall " CZ, K" C K, c(I',)K') < Band [I'l + [K'] < 3,
compute N4(I’, K’). Let (I*, K*) be the solution with the highest
value of N4 computed.

2:forall I' CZ, K' C K, |I'| +|K'| = 3 do

3: forall k € K’ do

4. I'=T'U{ilk € K;};

5: end for

6. ifc(I’,K')<B

7: U=1I\I''V=K\K', K] =0,Vi;

8: repeat

9: find i* € U, Gi= C K+, G+ ¢ K/, that maximize
a= Np g ({i*}, G );

10: find k* € V that maximizes b = Np/ g/ (0, {k*});

11: ifa>b

12: it c(I', K') + cM +¢(G;) < B

13: I' =T u{i*}, K' = K' UG;*;

14: U=I\{i*}, V =V\Gi*;

15: else

16: K. = K. U{Gi~};

17: end if

18: else

19: itc(I',K')+clt <B

20: K' =K' U{k*};

21: end if

22: V =V\{k*};

23: end if

24: untilU=0and V =0

25: end if

26: if Na(I',K') > Nao(I*, K*)
27 (I*,K*)=(I",K'),

28: end if

29:end for

30:return (I*, K*)

TABLE IV
ALGORITHM 4

J* — j, NA(I,,K,) —
repeat
J* = argmin;e j+ dj;
for i € I’ do
if j* € S; and w; —djx >0
NA(I,7K,) = NA(I/,K/) + 1, w; = w; — d]‘*;
end if
end for
Jr=J\{j"}h
10: until J* =0
11: return No(I', K")

0;

VRN B RN

nodes K'. Computing N4(I’, K') is also NP-hard. We give an
approximation algorithm (Algorithm 4) as described in Table
Iv.

The approximation ratio of Algorithm 4 is 3.

Proof: Let OPT be the optimal solution. For a macro
BS ¢, let Jopr be the set of demand nodes satisfied by ¢ in
OPT, but not be satisfied by Algorithm 4. Jopr is the non-
decreasing order of the traffic demand which is denoted as
1,732, - -+, Jn- The demand nodes connected to macro BS 7 by
Algorithm 4 is j1, j5, ..., j;, which has also a non-decreasing
order. We always have

(14)



TABLE V
ALGORITHM 5

Let (1 %‘, K7 ) be the output of Algorithm 3;
Find I” C Z that maximizes |I’| and ¢(I’,0) < B;
it Nao(I],K) < |T']

Output I’ and a set of demand nodes that can be covered by I’;
else

é)}]ftput (I}, K ) and the demand nodes chosen by Algorithm 4;
end i

AR

and
l

dj1 + Zdjé > w;.

t=1

15)

Otherwise, j; would be conected to macro BS 7 by Algorithm
4. Since j1, jo, - - -, jn, are conected to macro BS i in the OPT,

we have
h
E djt < w; -
t=1

Based on the Eq.(15) and the Eq.(16), we get

1 h h
Sdy >N dj, —dj, =D dj,.
t=1 t=1 t=2

Base on the Eq.(14) and the Eq.(17), we can conclude that
{ > h—1, which means the number of demand nodes satisfied
by Algorithm 4 is always greater than 1|OPT. [ ]

Thus, Algorithm 3 can achieve an < L approximation ratio
for the Eq.(12). Then we develop an approximation algorithm
(Algorithm 5) for Eq.(2) which is shown in Table V.

Algorithm 5 achieves an 366111 approximation ratio.

Proof: Let n/ be the number of satisfied demand nodes

obtained by Algorithm 5, and n* is the number of satisfied
demand nodes obtained by the optimal solution. Let nj and
ns be the number of demand nodes satisfied by a single
macro BS and multiple macro BS in the optimal solution,
respectively. Denote I* as the set of macro BSs selected in the
optimal solution to satisfy these n* = n] 4+n3 demand nodes.
Denote N4(OPT) as the optimal solution with considering
the Eq.(12). Obviously N4(OPT) > nj.

Note that the number of demand nodes satisfied by more
than one macro BS is at most the number of selected macro
BSs for our considered special case. We have

e—1 e—1

(16)

a7

W 2 Na(I, K7) 2 (= —)Na(OPT) = (——=)nj. (18)
& (&
Then we obtain
(3@2;1)n/ — n/ + (62—€1>n/
Z TL/ + (efl)|l*|
e—1 2: e—1 * (19)
2( 2¢e )n1+( 2¢e )nQ
2 (62761)”*
And we have 1
/ € — *
2
' > (g—n (20)
|
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TABLE VI
NUMERICAL RESULTS 1: THE AVERAGE COST AS A FUNCTION OF THE
NUMBER OF DEMAND NODES

N 60 120 180 240
Our Method 592.92 731.81 815.79 915.04
Unplanned Manner 739.27 911.71 1025.73 1134.99
TABLE VII

NUMERICAL RESULTS 2: THE AVERAGE COST AS A FUNCTION OF THE
COVERAGE RADIUS OF RELAY NODE

Coverage Radii(m) 300 450 600 750
Our Method 1023.26 970.25 913.58 856.70
Unplanned Manner 1061.88 1060.37 1060.56 1051.62

IV. NUMERICAL RESULTS

In this Section, we give the numerical results of the pro-
posed algorithm. The service area is 6x 10 km?. There are 60
possible sites of macro BSs and 240 possible sites of relay
nodes in the deployment area, which are randomly generated.
For macro ¢, its capacity w; is distributed uniformly within
(600,900), and we set ¢M = w;/10. The coverage radius of
each macro BS is 1.5km. Each macro BS can connect to four
relay nodes. The relay nodes connected to each macro BS is
uniformly distributed at the edge of the BS. The installation
cost of each relay node is calculated as follows,

I
ch = thfw/I.
i=1

where ¢ is the ratio of the relay cost to the cost of a macro BS.
Demand nodes are uniformly distributed in the deployment
area. For demand node j, its traffic demand d; is distributed
uniformly within (20, 30).

First, we show the average cost with different number of
demand nodes. For comparison, the method without relay
nodes is also shown in Table VI. The method is proposed in
[1], which define the same problem as this work except for not
considering relay nodes. The number of demand nodes varies
from 60 to 240. The coverage radius of each relay node is 0.5
km and ¢ = 0.1. As can be seen in Table VI, the average cost
increases as the number of demand nodes increases, and our
proposed algorithm performs better than the method without
relays.

Then we investigate the average cost with different coverage
radius of relay nodes. In general, the transmission power of
a macro BS (e.g., 46dBm) is normally much higher than that
of a relay node (e.g., 30dBm). However, one related work in
relay-based networks, range expansion, increases the footprint
of low-power BSs such as relay nodes by adding a positive

TABLE VIII
NUMERICAL RESULTS 3: THE AVERAGE COST AS A FUNCTION OF
INSTALLATION COST OF RELAY NODE

t 0.05 0.2 0.35 0.5
Our Method 810.44 914.06 967.23 994.50
Unplanned Manner | 1056.05 1050.01 1061.09 1056.13




bias to their measured signal strengths during cell association
[18]. Thus a user still may be served by one relay node even
if this user is not within the coverage area of the relay node.
In Table VII, there are 200 demand nodes in the deployment
area and ¢ = 0.1. The ratio of the coverage radius of relay
node to that of macro BS varies from 0.2 to 0.5. When the
coverage radius of relay node is small, the average cost by
our method is close to the method without relays because the
number of demand nodes covered by a relay node is far less
than the number of demand nodes covered by a macro BS,
which does not meet the practical scenarios. The average cost
of our proposed method decreases as the ratio increases, which
still performs better than the method without relays.

Finally, we give the average cost with different installation
cost of relay node which is shown in Table VIII. The simula-
tion parameters are same as Table VII except that the coverage
radius of relay node is 0.5 km and ¢ varies from 0.05 to 0.5.
Again, the average cost of our proposed method is lower than
the case without relays even though the installation cost of
relay node is not attractive.

V. CONCLUSION

In this paper we studied cell planning for cellular networks
with relay nodes. We formulate two different problems which
are general for practical deployment cases. For the minimum
cost cell planning, where the optimization objective is to
minimize the total deployment cost while satisfying all traffic
demands, we developed an O(log W)-approximation algorith-
m. For the budgeted cell planning, where the objective is to
maximize the number of fully satisfied demand nodes with a
given budget, we proposed an ;e:ll—approximation algorithm
for a practical case of the problem. Though some constraints
are not considered in this work, we think our proposal throw
some insights for cellular networks planning, especially for
the network with relays.
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