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EdgeOPT: A Competitive Algorithm for Online
Parallel Task Scheduling With Latency
Guarantee in Mobile Edge Computing
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Abstract— The paradigm of mobile edge computing (MEC)
has emerged as a promising solution to the increasing demand
of time-sensitive applications, where tasks generated by users
are offloaded to proximate edge clouds for low-latency execution.
Due to the online nature of task generation and edge capacity
bottleneck, a fundamental challenge for the MEC network is how
to optimally schedule the tasks and resources in face of uncertain
future arrivals. To this end, we propose a competitive algorithm
named EdgeOPT for online parallel task scheduling aiming to
maximize the cumulative reward of completed tasks subject
to their hard deadlines. The algorithm leverages an adaptive
threshold structure at each server to schedule tasks with different
demand patterns based on the status of the system and all active
users, while incorporating a subroutine for efficient resource allo-
cations. We prove a bounded competitive ratio for EdgeOPT when
scheduling monolithic tasks, and propose its extended version to
schedule chains of dependent functions. We conduct extensive
experiments to demonstrate the effectiveness and superiority of
our proposal compared to all the baselines.

Index Terms— Mobile edge computing, online combinatorial
optimization, resource management.

I. INTRODUCTION

THE proliferation of computing-intensive applications
is propelling the telecommunication industry towards

embracing the paradigm of mobile edge computing (MEC),
where low-latency computational services are provided by
servers at the network edge [1]. By harnessing network func-
tion virtualization and software-defined networks, the agile and
scalable service provisioning of edge clouds holds the potential
to greatly enhance the capabilities of mobile devices while
simultaneously mitigating the burdens on radio and back-haul
networks brought by the remote cloud [2], [3], [4], [5], making
MEC highly promising in both academia and industry.

In an MEC network, a fundamental challenge is the design
of offloading-scheduling mechanism, which determines the
user-edge association and the allocation of multiple resources.
Much effort has been devoted to this problem in offline
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settings, where the formulated NP-hard problems are opti-
mized with respect to various metrics quantifying the quality
of service [6], [7], [8], [9], [10], [11], [12], [13], [14],
[15], [16]. For instance, task offloading is investigated under
software-defined networks, where heuristic methods are intro-
duced to minimize the sum task duration [6] and the cost of
delay and energy consumption [12]. Offloading and scheduling
are jointly studied in [9], where the number of admitted tasks
is maximized by simultaneously optimizing the offloading
decision, executing order and computing resource allocation.
Network slicing is taken into consideration in [16], where
an approximation algorithm is devised to minimize the sum
completion time of computational tasks by jointly optimizing
the offloading decisions and the edge resource sharing policy
both within and across slices.

While the aforementioned formulations exhibit clarity and
simplicity, they nonetheless suffer from critical defects. Firstly,
the offline approaches heavily rely on the global information
of concurrently generated tasks, contrasting with the online
nature of task generation in practical systems. The complexity
introduced by the offline centralized algorithms can scarcely
meet the requirement of real-time responsiveness, which hin-
ders their practical implementations. In addition, the need for
a central controller renders offline schemes unscalable due to
their super-linearly growing signaling overhead and execution
delay when applied to large-scale systems. Furthermore, the
heterogeneity of task completion times necessitates resource
redistribution over time, whereas offline models are agnostic
to this spatial and temporal correlation among users, leading
to highly suboptimal solutions. To better capture the system
dynamics, several works employ online models, in which
online offloading decisions are produced through online learn-
ing [17], [18], [19], reinforcement learning [20], [21], [22],
and Lyapunov optimization [23]. In practice, however, these
user-initiated schemes suffer from unrevealed system-side
information [17], which impedes the optimal system operation.
It would be of great help if the offloading decisions can be
scheduled by the edge clouds with clear system status at
hand. This leads to the online scheduling problem, where
computation tasks are generated online and the edge clouds
need to manage multiple resources across time.

Even with full information of system status, the online
nature of task generation and edge resource bottleneck can still
make the scheduling problem significantly hard, as decisions
can only be made in face of unknown future task arrival. Early
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works mostly focus on online scheduling in unary servers [24],
[25], [26], [27], where only one task can be processed at
a time and the system decides the offloading locations and
execution orders for the offloaded tasks. In [24], a threshold
preemptive algorithm is presented aiming to maximize the
values of fully completed online tasks. In [25], the weighted
response time of all preemptive tasks is minimized through
an online approximation scheme under (1 + ϵ)-speed aug-
mentation model [28]. With the same adoption, [27] targets
on maximizing the total heterogenous utility functions of all
online tasks. In [26], maximizing the number of tasks meeting
their deadlines is handled by scheduling both the computing
and networking resources. Parallel scheduling is considered
in [29], where the resource requirement and processing time of
each task is assumed to be fixed. However, the disregard for the
dependence of execution delay on allocated resources implies
that the system utility has not been fully exploited. Indeed,
it has been shown that supporting flexible resource allocation
while exploiting parallelism is critical for improving the execu-
tion time and energy consumption of the offloaded tasks [30].
Driven by the escalating demand of latency-bounded tasks
[31], it becomes imperative to further exploit the potential
of an edge computing system through integrating dynamic
resource allocation into the scheduling of online parallel tasks.

In this work, we study the online parallel scheduling prob-
lem in an MEC network, where tasks with hard deadlines
are generated in arbitrary order and times to be offloaded
to a set of resource-constrained edge servers. Upon each
task arrival, the servers need to schedule the optimal subset
of task requests and manage multiple resources such that,
within arbitrary time horizon, the cumulative reward of all
completed tasks subject to their hard deadlines is maximized.
As required by many mission-critical and emergency systems,
our proposal provides a worst-case performance guarantee
[25], [32] quantified by the metric of competitive ratio, which
is defined as the maximum ratio between the offline optimum
and the algorithm’s output under every possible instance. Our
contributions can be summarized as follows:
• We investigate the online parallel task scheduling problem

for multiple edge clouds under hard deadline constraint.
Taking into account both sharable and non-sharable
resources, we formulate this problem into a general model
that captures both the edge capacity limitation and the
task state transitions among transmission, computation
and completion. To the best of our knowledge, this is the
first work to study the deadline-aware online schedul-
ing problem with parallel task execution and dynamic
resource allocation in multiple edge clouds.

• We propose EdgeOPT, a competitive algorithm for online
parallel task scheduling with latency guarantees. Our
proposal does not require any prior global knowledge,
and is scalable to large-scale edge computing systems.
In EdgeOPT, the scheduling decisions are optimized
leveraging the adaptive thresholds at each server based on
the status of the system and all active users. Meanwhile,
it allows efficient resource allocation upon each task
state transition through a subroutine which exploits the
inherent water-filling structure of the optimization policy.

Fig. 1. Online task scheduling for multiple edge clouds.

• We theoretically analyze the worst-case performance
and yield an O(λθ ln(θ)) competitive ratio in the case
of monolithic task scheduling, where λ and θ are
the fluctuations of task deadline and resource intensity,
respectively. We also extend EdgeOPT and propose an
efficient algorithm to schedule chains of dependent virtual
functions.

• We conduct extensive experiments under various network
settings and task patterns, whose results demonstrate
that our proposed algorithm significantly improves the
cumulative reward compared with all the baselines, which
confirms the theoretical analysis as well as the effective-
ness of our proposal.

The rest of this paper is organized as follows. In Section II,
the system model and problem formulation are described.
In Section III, we present the algorithm and theoretically
analyze its competitive ratio and time complexity. Numerical
experiments under different settings are conducted and ana-
lyzed in Section IV. In Section V, we conclude the paper.
We defer some of the proofs to the Appendices.

II. SYSTEM MODEL AND PROBLEM FORMULATION

The system model is illustrated in Fig. 1. Consider an MEC
system with a set M of edge clouds covering an unknown
set K of users, each configured with a computation task. Each
task is represented by a virtual function belonging to a specific
type chosen from the set Π. Task generated by user k ∈ K
can be characterized by a tuple (sk, wk, lk, τk,Rk), where
sk is the packet size for data transmission and wk is the
computation workload demand, which can be measured using
methods in [33]. The function type of task k is specified by
lk ∈ Π, each type requires its dedicated container to provide
the necessary environment and dependencies for execution.
If a server does not provide such instance before execution,
its image should be fetched and loaded, which incurs a time
cost of zlk and consumes Dlk memory. Accepted tasks must be
completed within the maximum tolerable delay τk to receive
reward Rk.

The task requests are generated in arbitrary order and times,
and are immediately delivered to the network. We adopt
orthogonal frequency-division multiple access for uplink trans-
mission, where the frequency band at each base station m is
divided into a set of sub-channels with bandwidth W [15],
[34]. Let Cm be the set of sub-channels at base station m,
we define C :=

⋃
m∈M Cm. Upon the online arrival of the
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generated tasks, the edge servers need to schedule a subset
of the revealed tasks such that the cumulative reward of tasks
completed before their deadlines is maximized. To this end,
we need to decide whether and where to accept the tasks
upon their arrivals, select the transmission channels for all
accepted tasks, and manage computation resources throughout
their executions. If a task k ∈ K is accepted by a server
m ∈ M, the user uploads the task packet sized sk with
transmission power pk and bandwidth W . Denote by rmkt

the achievable uplink data rate between user k and edge cloud
m at time t, we have:

rmkt = W log2

(
1 +

pk|hmk|2

Γ(N0W + Ikmt)

)
, (1)

where Γ represents the SNR gap for a given bit error rate
under a specific modulation/demodulation scheme [35]. N0 is
the power spectral density of additive white Gaussian noise.
For ease of analysis, and given that the offloading process
generally operates on a timescale significantly larger than
the channel coherence time, we assume the channel gain
hmk is constant to represent the average value during the
process [7], [22], [36], [37], [38]. Let 1X be the indicator
function which equals to 1 when X is TRUE and equals to
0 otherwise. At any time, the inter-cell interference power can
be calculated as: Ikmt =

∑
m∈M

∑
i∈SB

t,m\k
|hmi|2pi1ci=ck

,
where ck ∈ C is the transmission channel of user k, and
SB

t,m is the set of users transmitting packets to m ∈ M at
time t. We assume the maximum allowable interference power
of user k is Îk, representing the worst acceptable transmission
quality specified by the service level agreement between user k
and the service provider. Denote by r̂mk the actual upload
delay between user k and server m, and by rmk the specified
transmission delay estimated using the interference power Îk.
We further define SC

t,m to be the set of tasks whose delays
have not reached rmk.

Received tasks are processed using containerized or virtu-
alized environments created by the server and are allocated
with computation resources [1], [30], [39]. Denote by ak the
arrival time of task request from k and Fk(t) the allocated
computation resource for task k at time t. Let ẑlk,k = zlk if
container lk need to be instantiated when request k arrives,
and ẑlk,k = 0 otherwise. It takes vmk = max {r̂mk, ẑlk,k}
time for task k to be ready for execution. It therefore requires∫ ak+τk

ak+vmk

Fk(t)dt ≥ wk (2)

for the workload wk to be completed before the deadline.
Completed tasks release their occupied resources to enable
resource redistribution for unfinished tasks. The delays of
transmitting task requests and computation results are ignored
due to their negligible packet sizes in practice [16], [22].

Let xkmc be the indicator for the scheduling decisions where
xkmc = 1 implies the task from user k is accepted by server m
and is transmitted using channel c, xkmc = 0 otherwise. Early
rejection of unsatisfiable tasks is proved beneficial since users
can seek alternatives that completes the task on time [40]. The

offline formulation of the problem1 is given by:

max
xkmc,Fk

∑
k∈K

Rk

∑
m∈M

∑
c∈Cm

xkmc

s.t. C1 :
∫ ak+τk

ak+vmk

Fk(t′)dt′ ≥ wk

∑
m∈M

∑
c∈Cm

xkmc,∀k,

C2 :
∑
k∈K

xkmc1t∈[ak,ak+r̂mk] ≤ 1,∀t,m, c

C3 :
∑
k∈K

∑
c∈Cm

Fk(t)xkmc1t∈[ak+vmk,dk] ≤ Fm,∀t,m,

C4 :
∑
l∈Π

Dl1
[∑

c,k:lk=l xkmc1t∈[ak,dk]>0
] ≤ Dm,∀t,m,

C5 :
∑

i∈K\k

∑
n∈M

pi|hmi|2xinc1t∈[ai,ai+r̂ni]

≤ Îk + Λ(1− xkmc1t∈[ak,ak+r̂mk]),∀t,m, k, c,

C6 :
∑

m∈M

∑
c∈Cm

xkmc ≤ 1,∀k,

C7 : xkmc ∈ {0, 1} ,Fk(t) ≥ 0,∀t,m, k, c, (3)

where dk is the departure time of task k. Constraint C1 ensures
that all accepted tasks are completed before the deadlines.
C2 indicates that a sub-channel can only be occupied by one
user at the same time. C3 implies that the sum of allocated
computation resource cannot exceed the total computation
resource. C4 restricts the aggregate memory requirement,
in which Λ is a sufficiently large number. Unlike bandwidth or
computing resource that are allocated to a dedicated request,
memory can be shared in that multiple virtual functions of
the same type can be served concurrently by one container
instance without extra memory consumption [41], [42], [43].
C5 is the interference constraint that prevents unlimited data
transmission that affect the viability of the offloading process.
C6 ensures each task can only be assigned to one edge server.
The frequently used notations are summarized in Table I.

We use the widely adopted competitive ratio to theoretically
evaluate the worst-case performance, which is defined as:

Definition 1: Let A(I) be the output of online algorithm A
over instance I, and OPT (I) be the offline optimum with full
knowledge of instance I. The competitive ratio c(A) of A in
a maximization problem is given by:

c(A) = max
I

{
OPT (I)
A(I)

}
.

Hence, a c-competitive algorithm achieves at least 1/c fraction
of the optimum value in the worst case.

III. PROPOSED ALGORITHM

We present a constraint reduction technique and propose the
adaptive threshold based algorithm incorporating a subroutine
for resource allocation. The complexity and competitive ratio
are analyzed in the case of scheduling monolithic tasks.
We also extend our algorithm to schedule virtual function
chains.

1We may also add capacity constraints or transmission number constraints
to prevent decisions that transmit an unlimited quantity of data. In the
theoretical analysis section we show that the algorithm is still valid as long
as the constraints added are linear or submodular.
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TABLE I
LIST OF MAIN NOTATIONS

A. Constraint Reduction

Let the decision variables xkmc be the indicators for the
decision set S, where the scheduling decision to transmit user
k’s data through channel c to server m is included in S if and
only if xkmc = 1. We have the following definition.

Definition 2: (Submodular Constraint): For a ground set V
and ∀S ⊆ V , a constraint F (S) ≤ A is called submodular
constraint if F (S) : 2V 7→ R is a submodular function, i.e.,
for all S ⊆ S ′ ⊆ V and every k ∈ V \ S ′, we have:

F (S ∪ k)− F (S) ≥ F (S ′ ∪ k)− F (S ′). (4)

It is straightforward to verify that C4 in (3) is submodular:
adding a new user to a server serving requests in S consumes
extra memory no less than adding it to a server with requests
in S ′ ⊇ S, as there is more possibility for the users to
share a common container when the server contains more
requests. Note that C2, C4, C5 and C6 are all submodular
constraints, as linear function is a special case of submodular
function. The feasible domain P of (3) is complicated by
the variational constraints C1 and C3. To make the problem
tractable, we approximate the feasible region with a subset
I ⊆ P which can be sufficiently represented by multiple
submodular constraints. To this end, define f ′k(t) as the
minimum required computation resource for task k to finish
its remaining workload at time t before the deadline. For every
accepted task, it follows that:

wk −
∫ t

ak+vmk

Fk(τ)dτ ≤
∫ ak+τk

t

f ′k(t)dτ, (5)

which gives:

f ′k(t) =
1

ak + τk − t

(
wk −

∫ t

ak+vmk

Fk(τ)dτ
)
. (6)

The constraint reduction technique restricts the family of
Fk(t) such that Fk(t) ≥ f ′k(t) for every t ∈ [ak + vmk, ak +
τk]. This gives a new constraint:

Fk(t) ≥ f ′k(t), ∀k ∈ Sm
t ,m ∈M, t ∈ [ak + vmk, ak + τk],

(7)

where Sm
t is the set of tasks accepted by server m at time t.

This guarantees that task k is allocated at least f ′k(t) resource
to be completed using at most τk time. On the other hand, the
sum of all minimum requirement f ′k(t),∀k ∈ Sm

t must not
exceed the budget Fm, which gives:∑

k∈Sm
t

f ′k(t)1t∈[ak+vmk,dk] ≤ Fm, ∀t,∀m ∈M. (8)

Replacing constraint C1, C3 and C5 by the stronger con-
straints (7) and (8) yields the reduced problem:

max
xkmc,Fk

∑
k∈K

Rk

∑
m∈M

∑
c∈Cm

xkmc

s.t. C1 :
∑
k∈K

xkmc1t∈[ak,ak+r̂mk] ≤ 1,∀t,m, c

C2 :
∑
k∈K

∑
c∈Cm

f ′k(t)xkmc1t∈[ak+vmk,dk] ≤ Fm,∀t,m,

C3 :
∑
l∈Π

Dl1
[∑

c,k:lk=l xkmc1t∈[ak,dk]>0
] ≤ Dm,∀t,m,

C4 :
∑

k∈K\i

∑
m∈M

pk|hnk|2xkmc1t∈[ak,ak+r̂mk]

≤ Îi + Λ(1− xinc1t∈[ai,ai+r̂ni]),
∀n ∈M, i ∈ K,∀c, t

C5 :
∑

m∈M

∑
c∈Cm

xkmc ≤ 1,∀k,

C6 : Fk(t) ≥ f ′k(t)
∑

m∈M

∑
c∈Cm

xkmc,∀k

C7 : xkmc ∈ {0, 1} ,∀t,m, k, c. (9)

Remark. The constraint reduction facilitates solving the prob-
lem in two ways: (1) It decouples the optimization of the two
variables xkmc and Fk, enabling the competitive algorithm
design which we present in Section III-B. (2) The approx-
imated feasible region is simplified and can be sufficiently
represented by multiple submodular constraints, which facil-
itates the analysis of the worst-case performance bound in
Section III-E.

The proposed EdgeOPT algorithm schedules the online
tasks by maintaining a solution within the feasible region
of (9). It defines an adaptive threshold to determine whether
and where to schedule each new request, and in which channel
to transmit the data if the task is accepted. The computing
resources are dynamically allocated by solving a novel convex
programme with water-filling structure. It also integrates a sub-
routine for checking the feasibility of each candidate schedule.
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B. Parallel Scheduling

The schedule is determined by the decision of task dis-
patching, the assignment of communication channel, and the
temporal management of the computing resources.

1) Task Dispatching and Channel Assignment: We define a
tuple φk := (mk, ck), where mk ∈M and ck ∈ C specify the
dispatched server and the assigned communication channel of
task k, respectively. At each time t, the optimization for the
scheduling decisions can be decoupled from (9), and is given
by:

max
xkmc∈{0,1}

{∑
k∈K

Rk

∑
m∈M

∑
c∈Cm

xkmc : C1 ∼ C5 in (9)

}
,

(10)

which is essentially a variant of the online submodular knap-
sack problem [44], with items being enabled to transit between
different states and each state only occupies a subset of
the knapsack dimensions. Special cases for this problem are
always handled with threshold based policies given some prior
global information [45], [46], [47]. We propose an adaptive
threshold based policy that deals with state transition and
enables efficient resource allocations for all accepted tasks.

We use J = {C,F ,D,K+} to denote the set of constraints,
whose elements represent the channel, computation, memory
and the interference constraint at each active user, respectively.
The function uj : 2K 7→ R,∀j ∈ J maps each set of user to
their utilization of the type-j resource:

uj(Sm
t ) =

∑
k∈Sm

t

qj(φk, t), (11)

where qj(φk, t) denotes the resource demand for task k
in dimension j at t under decision φk. For j ∈ J \ D:
qC(φk, t) = 1t∈[ak,ak+r̂mk], qF (φk, t) = f ′k(t)1t∈[ak+vmk,dk],
and qi(φk, t) = |hmik|2pk1ck=ci

1t∈[ak,ak+r̂mk], ∀i ∈
K+. For memory resource, the consumption is submodular.
To express the consumption using the same expression as (11),
we sort the users of Sm

t in the order they are accepted,
and only the first users that request the containers of a
new type has non-zero memory demand, i.e., qD(φk, t) =
Dl1omt

kl
1t∈[ak,dk], where omt

kl is the event that k is the first
user in server m at time t to request a container of type l.

Denote by EC
t,m, EF

t,m, and EZ
t,m the set of tasks that reach the

specified transmission delays, finish execution, and complete
container instantiation at time t, respectively. The server usage
uj(Sm

t ),∀j ∈ J ,m ∈ M, is updated upon each task state
transition: whenever a new task is accepted, or at least one
of EB

t,m, EC
t,m, EZ

t,m, and EF
t,m is non-empty. At each time t

a new request k ∈ K arrives, it can be scheduled to server
m ∈M using channel c ∈ Cm only if its reward Rk exceeds
the corresponding threshold Φm(Sm

t ,φk) and the decision
satisfies all the constraints. The threshold is given by:

Φm(Sm
t ,φk) =

∑
j∈J

γj q̂j(φk, t)
(
eρm

j (Sm
t ) − 1

)
, (12)

with

q̂j(φk, t) = qj(φk, t) + ϵ′Cm
j,t1qj(φk,t)=0, (13)

and

ρm
j (Sm

t ) =

⌊
uj(Sm

t )
Cm

j,t

ln(ηθt)

⌋
, (14)

where Cm
j,t is the capacity of type-j resource in server m at

time t, ϵ′ is a sufficiently small constant to reduce the threshold
when the type-j resource can be shared among tasks, i.e., when
qj(φk, t) = 0. Note that the capacity is dependent of t since
J also incorporates the interference constraints of the active
users that may finish transmissions. Therefore Cm

j,t = Îk when
j ∈

⋃
m∈M SB

t,m and Cm
j,t = Λ → ∞, otherwise. {γj}∀j∈J

are parameters that balance the contribution of each dimension,
η is a parameter that scales the dependence of ρm

j (Sm
t ) on

uj(Sm
t ). Define the resource intensity σk(t) of task k as the

ratio of its reward to the weighted sum of resource demand at
time t, we have σk(t) = Rk/

∑
j γjqj(φk, t). We use θt to

keep track of the maximum resource intensity fluctuation up
to time t, which is calculated as:

θt = max
k,l∈K

{
σk(ak)
σl(al)

: ak, al ≤ t
}
, (15)

and is updated upon each task arrival to learn the heterogeneity
of resource intensity. This helps approximate the global inten-
sity fluctuation before all the tasks are revealed, allowing better
control over the aggressiveness of the proposed threshold.

Intuitively, the threshold Φm(Sm
t ,φk) scales with the server

usage to prioritize high-demand tasks when the system is
heavily loaded. The main scheduling procedure is outlined in
Algorithm 1. Note that when a new task k ∈ K queries the
system, the algorithm dispatches the task to server m∗ and
transmit its data in channel c∗ that minimizes the scheduling
cost: Φm(Sm

t ,φk) + Rk1Sm
t ∪k/∈Im

, which equals to the
threshold value when φk is feasible, and is no less than Rk if
the decision is infeasible. The request can be scheduled only
when its reward is no less than such quantity, indicating that
the reward can cover the minimum cost the decision may incur
by taking into consideration all the constraints as well as the
potential cold-start latency at the dispatched server.

2) Computing Resource Allocation: The computing
resources Fk are dynamically allocated at each time t
by minimizing the sum remaining precessing delay, while
guaranteeing that all tasks can be completed before their
deadlines. The decoupled optimization problem is given by:

min
Fk≥f ′k(t)

 ∑
k∈S̄m

t \SC
m,t

w′k(t)
Fk

:
∑

k∈S̄m
t \SC

m,t

Fk ≤ Fm

 , (16)

where S̄m
t is the tasks that have finished container start-ups

and w′k(t) is the remaining workload for task k ∈ S̄m
t at time

t. The algorithm buffers the transmitted requests and only pro-
cesses the tasks that have reached their specified transmission
delays to combat the time varying interference uncertainties
brought by the online user arrivals. Eq. (16) defines a convex
optimization problem with water-filling structure [48], which
can be solved efficiently using standard convex optimization
techniques. The Lagrangian of (16) is given by:

L(F ,λ, µ) =
∑

k∈S̄m
t \SC

m,t

w′k(t)
Fk

Authorized licensed use limited to: Nanjing University. Downloaded on January 04,2025 at 05:51:43 UTC from IEEE Xplore.  Restrictions apply. 



7082 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 72, NO. 11, NOVEMBER 2024

Algorithm 1 Online Parallel Task Scheduling
Input : Hyper-parameters η, γj ,∀j ∈ J and a set K of

tasks arriving online
Output: Set Sm

t of accepted tasks
1 Initialization: Sm

t ← ∅, S̄m
t ← ∅, θt ← 1

2 for every t do
3 Update system information at each m ∈M
4 if EF

t,m ̸= ∅ then
5 Sm

t ← Sm
t \ EF

t,m, S̄m
t ← S̄m

t \ EF
t,m

6 uj(Sm
t )←

∑
k∈Sm

t
qj(φk, t),∀j ∈ J \ {C,K+}

7 ρm
j (Sm

t )←
⌊

uj(Sm
t )

Cm
j,t

ln(ηθt)
⌋
,∀j ∈

J \ {C,K+}
8 Reallocate {F∗k}, ∀k ∈ S̄m

t \ SC
m,t via Alg. 2

9 if EZ
t,m ̸= ∅ or EC

t,m ̸= ∅ then
10 SC

t,m ← SC
t,m \ EC

t,m, S̄m
t ← S̄m

t ∪ EZ
t,m

11 uj(Sm
t )←

∑
k∈Sm

t
qj(φk, t),∀j ∈ J

12 ρm
j (Sm

t )←
⌊

uj(Sm
t )

Cm
j,t

ln(ηθt)
⌋
,∀j ∈ J

13 Allocate {F∗k}, ∀k ∈ S̄m
t \ SC

t,m via Alg. 2
14 foreach new request {i} ∈ K arrives at t do
15 Update θt as defined in (15)
16 Φ∗ ← minφi

{
Φm(Sm

t ,φi) +Ri1Sm
t ∪k/∈Im

}
17 (m∗, c∗)← The minimizer in line 16
18 if Ri ≥ Φ∗ then
19 Dispatch to m∗, initialize container if

needed Sm∗

t ← Sm∗

t ∪ {i}
20 Transmit data in c∗: SB

t,m∗ ← SB
t,m∗ ∪ {i}

21 uj(Sm
t )←

∑
k∈Sm

t
qj(φk, t),∀j ∈ {C,D}

22 ρm
j (Sm

t )←
⌊

uj(Sm
t )

Cm
j,t

ln(ηθt)
⌋
,∀j ∈ {C,D}

23 else
24 Reject this request

+
∑

k∈S̄m
t \SC

m,t

λk [f ′k(t)−Fk] + µ

 ∑
k∈S̄m

t \SC
m,t

Fk −Fm

 ,
(17)

where λk and µ are the Lagrange multipliers. The optimizer
F∗k satisfies the Karush-Kuhn-Tucker conditions [49]:

∂L
∂Fk

= −w
′
k(t)
F2

k

− λk + µ = 0,∀k ∈ S̄m
t \ SC

m,t,

λk (f ′k(t)−Fk) = 0,∀k ∈ S̄m
t \ SC

m,t,

µ

 ∑
k∈S̄m

t \SC
m,t

Fk −Fm

 = 0, λ, µ ⪰ 0, (18)

solving which yields:

F∗k = max

{√
w′k(t)

(
Fm −

∑
k∈X f

′
k(t)

)∑
k∈(S̄m

t \SC
m,t)\X

√
w′k(t)

, f ′k(t)

}
, (19)

where X satisfies
√

w′k(t)
√

µ < f ′k(t),∀k ∈ X . The procedure
for finding the set X and F∗k is summarized in Algorithm 2.

Algorithm 2 Resource Allocation Subroutine at
m ∈M

Input : S̄m
t , SC

m,t, Fm and computation demand
w′(t), f′(t)

Output: Optimal allocation {F∗k}
1 S ← S̄m

t \ SC
m,t

2 X ← ∅
3 1√

µ ←
Fm−

∑
k∈X f ′k(t)∑

k∈S\X

√
w′k(t)

4 k̂ ← arg maxk∈S\X {
f ′k(t)√
w′k(t)

}

5 while f ′
k̂
(t)√

w′
k̂
(t)
≥ 1√

µ do

6 X ← X ∪ k̂
7 1√

µ ←
Fm−

∑
k∈X f ′k(t)∑

k∈S\X

√
w′k(t)

8 k̂ ← arg maxk∈S\X {
f ′k(t)√
w′k(t)

}

9 return F∗k = max{
√

w′k(t)
√

µ , f ′k(t)},∀k ∈ S

Algorithm 3 Feasibility Oracle for i ∈ K and m ∈M
Input : Task information in Sm

t ∪ {i}
Output: Whether or not Sm

t ∪ {i} ∈ Im

1 Sm
t ← Sm

t ∪ {i}
2 while t ∈ [ai, ai + τi] do
3 Go to the next t when any of EF

t,m, EZ
t,m and EC

t,m

is non-empty under current allocation
{F∗k},∀k ∈ Sm

t

4 Update Sm
t , S̄m

t , and SC
t,m based on the definitions

5 Update f ′k(t),∀k ∈ Sm
t according to (6)

6 Update {F∗k},∀k ∈ S̄m
t \ SC

m,t via Algorithm 2
7 if ∃j ∈ J \ {C,K+} that is violated then
8 return FALSE

9 return TRUE

C. Feasibility Check

Denote by Im the set of feasible decisions of server m. The
feasibility subroutine described in Algorithm 3 firstly assumes
the acceptance of a new task, it then checks the feasibility
using the updated resource allocation iteratively during all the
task states from its arrival to departure. It guarantees that a
newly scheduled task will neither lead to the expiration of
accepted tasks due to limited computing resource, nor result
in capacity overflow of both memory and computing resource.

D. Complexity Analysis

Theorem 1: The time complexity of EdgeOPT for schedul-
ing each task is O

(
|M|

(
|Sm

t |2 + |C|
))

.
Proof: To obtain the scheduling decision for each new

request, the algorithm spends |M| iterations computing the
cost at each server. Within each iteration, the feasibility oracle
iterates at most 3|Sm

t | + 3 times to verify the feasibilities
during all task states. Resource allocation can be completed
with at most |Sm

t | iterations. Moreover, |C| iterations are
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also needed to search for the best combination of server and
communication channel. This leads to a time complexity of
O
(
|M|

(
|Sm

t |2 + |C|
))

for EdgeOPT to schedule each task.

Note that |Sm
t | is bounded in practice due to the limited

edge capacity, and if we further restrict the candidate site
of servers to be the nearest server, EdgeOPT can be more
computationally efficient.

E. Competitive Ratio Analysis

We prove the competitive ratio of EdgeOPT by investigating
the ratio between the upper bound of the offline optimum and
the lower bound of the algorithm’s output within each carefully
partitioned time intervals. The main theorem is as follows.

Theorem 2: Assume there exists some types of resources
such that the consumption ratio for any task i ∈ K is bounded:
ϵ′ ≤ q̂j(φi, t)/Cm

j ≤ ϵ, for some j ∈ J . If we choose η

such that ϵ < min
{

1
2 −

1
2 ln(η) ,

1
ln(ηθ)

}
, the competitive ratio

of EdgeOPT is O (λθ ln(θ)), where λ = maxk,l

(
τk

τl

)
is the

deadline fluctuation, θ = maxt θt.
The following lemma allows the competitive ratio of mul-

tiple servers to be expressed in terms of a single server with
the largest competitive ratio, in which case the proof can be
greatly simplified.

Lemma 1: Let cN be the competitive ratio of Algorithm 1
when only servers in set N ⊆M exist. It follows that:

cM ≤ 1 + max
m∈M

cm. (20)

Proof: The lemma can be proved by treating each server
as a knapsack and applying the same procedure as Lemma 2
in [46].

The single server case can be analyzed by exploiting the
behavior of ρm

j (Sm
t ) using a novel time partition technique.

Specifically, time is partitioned into consecutive slots in which
∀j ∈ J , ρm

j (Sm
t ) stays constant. Define receiving slot as the

slot where at least one task is accepted. The slots are grouped
into intervals, each starts with a receiving slot, and ends when
any of the following happens:
• The present slot is not receiving slot whereas the next

slot is receiving slot.
• Both the present slot and the next slot are receiving slot,

and ∃j ∈ J such that ρm
j (Sm

t ) decreases in the next slot.
• Both the present slot and the next slot are receiving slot,

and the length of the interval reaches τmax.
• Some of the accepted requests finishes transmission.
The partition can be illustrated by Fig. 2. Denote by T

the set of intervals resulted from such partition. We have two
immediate observations. Firstly, as no request finishes trans-
mission within each interval, the capacity remains constant
for every j. We therefore neglect the subscript t in Cm

j,t and
use Cm

j instead when there is no confusions. Secondly, every
interval contains consecutive receiving slots where ρj(St)
is non-decreasing, which may be followed by consecutive
non-receiving slots where ρm

j (Sm
t ) is non-increasing. The

duration of each interval is bounded by:

Fig. 2. The evolution of ρm
j (Sm

t ) through different interval. The colored
slots are receiving slots and the shaded ones are non-receiving slots.

Lemma 2: The duration of each interval is upper-bounded
by 2τmax, where τmax is the maximum allowable task delay.

Proof: See Appendix A for the proof.
Denote by Ôm

T the optimal set and S̃m
T the set accepted by

the algorithm at the end of interval T ∈ T for server m ∈M.
When there is no confusions, we define qm

ij := q̂j(φi, ai).
Lemma 3: For ∀T ∈ T , j ∈ J ,m ∈M, it holds that:∑

i∈Ôm
T

qm
ij ≤

(
1
ϵ′

+
2λ
ϵ′2

)
Cm

j . (21)

Proof: See Appendix B for the proof.
Let f(·) be the objective function. For each m ∈M, denote

by S′m,T the set of tasks being served at the end of interval T ,
and Sm

T,i the set of currently serving tasks after the i-th task is
accepted during interval T , we have Sm

T,0 = S′m,T−1. Define
S∗m,T = Sm

T,|S̃m
T |

, which maximizes ρm
j (Sm

t ),∀j ∈ J for
t ∈ T . The competitive ratio can be derived by lower bounding
the objective f(S̃T ) and upper bounding f(ÔT ) for each
T ∈ T . The competitive ratio when there only exists server
m can be proved with the help of the following proposition:

Proposition 1: If there only exists server m ∈ M, then
for ∀T ∈ T , we have f(Ô

)
T

f(S̃m
T )
≤ O

(
λθ[m] ln(θ[m])

)
, where

θ[m] = maxt∈T θt for all tasks accepted at server m.
The proposition is proved under two cases.
Case 1: Cm

j − uj(Sm
t ) > ϵCm

j for all j ∈ J and t ∈ T .

In this case, we have ρm
j (S∗m,T ) ≤ ⌊uj(S

∗
m,T )

Cm
j

ln(θ[m]η)⌋ <
⌊(1 − ϵ) ln(θ[m]η)⌋ < ln(θ[m]η),∀j ∈ J . We first consider
tasks in Ôm

T \ S̃m
T . The following lemma bounds f(Ôm

T \ S̃m
T ):

Lemma 4: In Case 1, we have:

f(Ôm
T \ S̃m

T ) ≤
(

1
ϵ′

+
2λ
ϵ′2

)∑
j∈J

γjC
m
j

(
eρm

j (S∗m,T ) − 1
)
.

(22)

Proof: See Appendix C for the proof.
Lemma 5: In Case 1, define ∆m

T,j(S) = ρm
j (S) −

ρm
j (S′m,T−1) and J T

n =
{
j ∈ J : ∆m

T,j(S
∗
m,T ) ≥ n

}
. The

value of f(S̃m
T ) can be lower bounded by:

f(S̃m
T ) ≥

∑
j∈J\J T

1

(eρm
j (S′m,T−1) − 1)ϵ′γjC

m
j

+ [e− 1]
∑

j∈J T
1 \J T

2

γjϵ
′Cm

j + min
{
L′T,2,LT,2

}
,

(23)
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where

L′T,2 = [e− 1]
∑

j∈J T
2

ϵ′γjC
m
j ,

LT,2 =

[
e2 − 2(e− 1)− 1

]
e− 1

∑
j∈J T

2

γjC
m
j

(
1

ln(θ[m]η)
− ϵ
)
.

Proof: Let θm
i be the maximum resource intensity up to

the acceptance of task i at server m. Since the reward of any
accepted task must exceed the threshold, we have:

f(S̃m
T ) =

∑
i∈S̃m

T

Ri ≥
∑

i∈S̃m
T

∑
j∈J

γjq
m
ij

(
eρm

j (Sm
T,i−1) − 1

)

=
∑

i∈S̃m
T

∑
j∈J

γjq
m
ij

(
e

⌊
uj(Sm

T,i−1)

Cm
j

ln(θm
i η)

⌋
− 1

)
. (24)

Note that the function h(u(Sm
T,i)) =

⌊
uj(S

m
T,i)

Cm
j

ln(θm
i η)

⌋
is piecewise constant, and the step length of the func-
tion is Cm

j / ln(θm
i η), which is non-increasing since θm

i is
non-decreasing during execution. Denote by Sm,j

T,n ⊆ S̃m
T the

largest set that satisfies ∆m
T,j(S

m,j
T,n ) ≤ n. This gives:

f(S̃m
T )

≥
∑

i∈S̃m
T

∑
j∈J

γjq
m
ij

(
e

⌊
uj(Sm

T,i−1)

Cm
j

ln(θm
i η)

⌋
− 1

)

=
∑
j∈J

ρm
j (S∗m,T )∑

n=ρm
j (S′m,T−1)

(en − 1)

 ∑
i∈Zm,j

T,n \Z
m,j
T,n−1

γjq
m
ij


def= L′T,1 +

∑
j∈J T

2

ρm
j (S∗m,T )∑

n=ρm
j (S′m,T−1)

(en − 1)
∑

i∈Zm,j
T,n \Z

m,j
T,n−1

γjq
m
ij

≥ L′T,1 +
∑

j∈J T
2

∆m
T,j(S

∗
m,T )∑

n=0

(en − 1)

 ∑
i∈Sm,j

T,n\S
m,j
T,n−1

γjq
m
ij


def= L′T,1 + L(J T

2 ), (25)

where Zm,j
T,n

def= Sm,j
T,n−ρj(S′T−1)

and L(·) is a set function
defined in the last line of (25). The lower bound LT,1 for
L′T,1 can be derived as:

L′T,1=
∑

j∈J\J T
1

γj

[
eρm

j (S′m,T−1) − 1
] ∑

i∈Sm,j
T,0

qm
ij

+
[
eρm

j (S∗m,T ) − 1
] ∑

j∈J T
1 \J T

2

γj

∑
i∈Sm,j

T,1 \S
m,j
T,0

qm
ij

≥
∑

j∈J\J T
1

(eρm
j (S′m,T−1) − 1)ϵ′γjC

m
j

+ [e− 1]
∑

j∈J T
1 \J T

2

ϵ′γjC
m
j , (26)

where the inequality is because: (i) for all j ∈ J T
1 \ J T

2 ,
ρm

j (S∗m,T ) ≥ 1, (ii) for all j ∈ J \ J T
2 the aggregate

utilization ratio
∑

i∈Sm,j
T,1 \S

m,j
T,0

qm
ij

Cm
j

and
∑

i∈Sm,j
T,0

qm
ij

Cm
j

are lower

bounded by the minimum single task utilization ratio ϵ′ =
infi∈K,j∈J ,m∈M

[
qm

ij

Cm
j

]
.

Next, we lower bound L(J T
2 ). For j ∈ J T

2 , Sm,j
T,n \S

m,j
T,n−1

can be empty for some n ∈ N, the lower bound can be derived
by focusing on the boundaries where

⌊
uj(S

m
T,i)

Cm
j

ln(θm
i η)

⌋
increases, which includes the following cases:

(i) Sm,j
T,n \ S

m,j
T,n−1 ̸= ∅ for every 0 ≤ n ≤ ∆m

T,j(S
∗
m,T ):

In this case, ρm
j (Sm

T,|Sj
T,n|

) − ρj(Sm
T,|Sj

T,n−1|
) = 1 for

all 0 ≤ n ≤ ∆m
T,j(S

∗
m,T ). Denote the first and the

last task in Sm,j
T,n as ej

T (n) and ljT (n), respectively. For
u(Sm

t ) ∈ [u(Sm
T,|Sj

T,n|
), u(Sm

T,|Sj
T,n−1|

)], the step-length of

h(u(Sm
t )) is lower bounded by

Cm
j

ln(θm

l
j
T

(n)
η) since θm

i is

non-decreasing. Moreover, the step-length is no larger than
qj(φej

T (n), aej
T (n)) +

∑
i∈Sm,j

T,n\S
m,j
T,n−1

qj(φi, ai), since other-

wise we have ej
T (n) ≤ ljT (n − 1), which contradicts the

definition of Sm,j
T,n , ej

T (n) and ljT (n). It implies:

qj(φej
T (n), aej

T (n)) +
∑

i∈Sm,j
T,n\S

m,j
T,n−1

qj(φi, ai) ≥
Cj

ln(θljT (n)η)
.

(27)

Therefore, when Sm,j
T,n ⊊ S̃m

T , we have:∑
i∈Sm,j

T,n\S
m,j
T,n−1

qj(φi, ai) ≥
Cm

j

ln(θm
ljT (n)

η)
− qj(φej

T (n), aej
T (n))

≥
Cm

j

ln(θ[m]η)
− qj(φej

T (n), aej
T (n))

≥
(

1
ln(θ[m]η)

− ϵ
)
Cm

j , (28)

where the second inequality is from the definition of θ[m], the
last inequality is because each qj(φi, ai) is upper bounded
by ϵCm

j .
(ii) Sm,j

T,n \ S
m,j
T,n−1 = ∅ for some 0 ≤ n ≤ ∆m

T,j(S
∗
m,T ):

In this case, we have Sm,j
T,n = Sm,j

T,n−1 for some 0 ≤
n ≤ ∆m

T,j(Sm,T ). Suppose there are Hm,j
T distinct Sm,j

T,n , n ∈
N, denoted each of them in an inclusion-wise increasing
order by Gm,j

T,h , h = {0, 1, . . . ,Hm,j
T − 1}. It is clear that

∆m
T,j(S

∗
m,T ) ≥ 2 for j ∈ J T

2 , we have 2 ≤ Hm,j
T ≤

∆m
T,j(S

∗
m,T ) + 1. Moreover, ∀h < h′, we have Gm,j

T,h ⊊ Gm,j
T,h′

and ∆m
T,j(G

m,j
T,h ) < ∆m

T,j(G
m,j
T,h′).

A trivial case is when Hm,j
T = 2, where there are only

2 different set Gm,j
T,0 and Gm,j

T,1 . We get to the lower bound by
taking Gm,j

T,0 and Gm,j
T,1 into L(J T

2 ):

L(J T
2 ) ≥ (e− 1)

∑
j∈J T

2

γm
j ϵ

′Cm
j

def= L′T,2. (29)

It is worth noting that the competitive ratio can be generalized
from the case when Hm,j

T ≥ 3, thus the following proof only
considers Hm,j

T ≥ 3. When Hm,j
T ≥ 3 and Gm,j

T,h ⊊ S̃m
T ,

we have the result similar to Case (i):∑
i∈Gm,j

T,h\G
m,j
T,h−1

qj(φi, ai) ≥
(

1
ln(θ[m]η)

− ϵ
)
Cm

j . (30)
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Combining the results gives:

L(J T
2 ) =

∑
j∈J T

2

γm
j

∆m
T,j(S

∗
m,T )∑

n=0

(en − 1)

 ∑
i∈Sm,j

T,n\S
m,j
T,n−1

qm
ij


≥
∑

j∈J T
2

γm
j

Hm,j
T −1∑
h=0

(
eh − 1

) ∑
i∈Gm,j

T,h\G
m,j
T,h−1

qm
ij


≥
∑

j∈J T
2

γm
j

(
1

ln(θ[m]η)
− ϵ
)
Cm

j

Hm,j
T −2∑
h=0

(
eh − 1

)
,

(31)

where the first inequality is because the sum term equals
to 0 when Sm,j

T,n \ S
m,j
T,n−1 = ∅, and n must increase

more than 1 to make such set non-empty. The last
inequality is due to (28) and the fact that qm

ij ≥
qj(φi, ai). When Hm,j

T ≥ 3,
∑Hm,j

T −2

h=0

(
eh − 1

)
=

1
e−1

(
eHm,j

T −1 − (e− 1)(Hm,j
T − 1)− 1

)
is an increasing

function of Hm,j
T . Since Hm,j

T − 1 ≥ 2, it follows that:

L(J T
2 ) ≥

[
e2 − 2(e− 1)− 1

]
e− 1

∑
j∈J T

2

γm
j C

m
j

[
1

ln(θ[m]η)
− ϵ
]

def= LT,2. (32)

Summing up LT,1 and min{L′T,2,LT,2} yields the lemma.
Fact 1: For positive real numbers a1, a2, . . . , a|I| and

b1, b2, . . . , b|I|, it holds that:∑
i∈I ai∑
i∈I bi

≤ max
i∈I

{
ai

bi

}
. (33)

Proof of Proposition 1 under Case 1:

f(Ôm
T )

f(S̃m
T )

=
f(S̃m

T ) + f(Ôm
T \ S̃m

T )
f(S̃m

T )

≤ 1 +

(
1
ϵ′ + 2λ

ϵ′2

)∑
j∈J γjC

m
j

(
eρm

j (S∗m,T ) − 1
)

LT,1 + LT,2

= 1 +

(
1
ϵ′ + 2λ

ϵ′2

)∑
J\J T

1
γjC

m
j (eρm

j (S′m,T−1) − 1)

LT,1 + LT,2

+

(
1
ϵ′ + 2λ

ϵ′2

)∑
J T

1 \J T
2
γjC

m
j (eρm

j (S∗m,T ) − 1)

LT,1 + LT,2

+

(
1
ϵ′ + 2λ

ϵ′2

)∑
j∈J T

2
γjC

m
j

(
eρm

j (S∗m,T ) − 1
)

LT,1 + LT,2
,

(34)

where LT,1 and LT,2 are taken from (26) and (32), respec-
tively. Using Fact 1, the ratio f(Ôm

T )/f(S̃m
T ) can be bounded

as:

f(Ôm
T )

f(S̃m
T )
≤ 1 +

[
1
ϵ′

+
2λ
ϵ′2

]
max

{
max

j∈J T
1 \J T

2

eρm
j (S∗m,T ) − 1
ϵ′(e− 1)

,

max
j∈J T

2

[
(e− 1)(eρm

j (S∗m,T ) − 1)
e2 − 2(e− 1)− 1

ln(θ[m]η)
1− ϵ ln(θ[m]η)

]
,
1
ϵ′

}
.

(35)

Firstly, since ρm
j (S∗m,T ) < ln(θ[m]η),∀j ∈ J under Case 1,

we have eρm
j (S∗m,T ) − 1 ≤ θ[m]η − 1 < θ[m]η. Secondly,

by assumption, ϵ is bounded such that ϵ < 1
ln(θ[m]η)

, therefore

the quantity δ
def= ϵ ln(θ[m]η) < 1. Combining the results

yields:

f(Ôm
T )

f(S̃m
T )
≤ 1 +

(
1
ϵ′

+
2λ
ϵ′2

)
max

{
1
ϵ′
,
θ[m]η

ϵ′(e− 1)
,

(e− 1)θ[m]η

e2 − 2(e− 1)− 1
ln(θ[m]η)

1− δ

}
= O(λθ[m] ln(θ[m])).

(36)

which completes the proof of Case 1. ■
Case 2: ∃t ∈ T and J ′T , Cm

j − uj(Sm
t ) ≤ ϵCm

j , ∀j ∈ J ′T .
In this case, Proposition 1 can be proved using the same

ideas as Case 1, where we first find an upper bound for f(Ôm
T )

and a lower bound for f(S̃m
T ), then leverage Fact 1 to yield

the competitive ratio.
Lemma 6: The offline optimum in Case 2 is upper bounded

as:

f(Ôm
T ) ≤ σ′

(
1
ϵ′

+
2λ
ϵ′2

) ∑
j∈J T

1 ∪J ′T

γjC
m
j , (37)

where σ′ = maxi∈K

(
Ri/

∑
j∈J T

1 ∪J ′T
γjqj(φi, ai)

)
is the

maximum resource intensity over dimension j ∈ J T
1 ∪ J ′T .

Proof: See Appendix D for the proof.
We leverage lemma 6 to prove the bound of Proposition 1

under Case 2 using techniques similar to Case 1. For a detailed
proof, we direct readers to Appendix E. Now we can obtain
the competitive ratio by proving Theorem 2.

Proof of Theorem 2: Let ÔN be the optimal solution and
S̃N be the set of tasks accepted by servers in N ⊆M during
the entire time horizon. By Lemma 1, we have:

f(ÔN )
f(S̃N )

≤ 1 + max
m∈M

f(Ôm)
f(S̃m)

= 1 + max
m∈M

f(
⋃

T∈T Ô
m
T )

f(
⋃

T∈T S̃
m
T )

= 1 + max
m∈M

∑
T∈T f(Ôm

T )∑
T∈T f(S̃m

T )

≤ 1 + max
T∈T

{
max
m∈M

O(λθ[m] ln(θ[m]))
}

= O(λθ ln(θ)), (38)

where the first inequality follows from Lemma 1, the second
inequality follows from Fact 1 and Proposition 1. ■

F. Scheduling for Tasks Composed of Multiple Functions

In this subsection, we discuss how to extend EdgeOPT
to schedule virtual function chains. To this end, we define
Lk = {lk1, . . . , lkLk

} to specify the function types requested
for the service of user k, and let Wk = {wk1, . . . , wkLk

},
τ k = {τk1, . . . , τkLk

} be the corresponding workloads and
deadlines for each sub-function, respectively. The j-th function
cannot be started before the j−1-th function is finished. Tasks
composed of multiple function can therefore be represented
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Algorithm 4 EdgeOPT for Function Chain Scheduling
Input : Hyper-parameters η, γj ,∀j ∈ J and a set K of

tasks arriving online
Output: Set Sm

t of accepted tasks
1 Initialization: Sm

t ← ∅, θt ← 1
2 for every t do
3 foreach new user k ∈ K at time t do
4 Update θt as defined in (15)
5 for i = 1, . . . , Lk do
6 Φ∗ ← minφki

Φm(Sm
t ,φki) +Ri1Sm

t ∪k/∈Im

7 if i == 1 then
8 (m∗

k1, c
∗)←The minimizer in line 6

9 else
10 m∗

ki ←The minimizer in line 6

11 if Φ∗ > Rk then
12 Sm

t ← Sm
t \ k, ∀m ∈M

13 Reject k and break the loop
14 else
15 Sm∗

ki
t ← Sm∗

t ∪ k

16 foreach task u that reaches the i-th deadline τui do
17 Forward the next sub-function to server m∗

u,i+1

18 foreach m ∈M do
19 Update and reallocate resource via Alg. 1.

as (sk,Wk,Lk, τ k,Rk). Once task k is accepted, the system
maps each sub-function to a server for execution, then the user
transmits the input data sized sk in the selected channel to the
server assigned to the first virtual function, and the subsequent
data between the first and the last sub-function are delivered
through high-speed links with negligible delays. Reward Rk is
received if every sub-function is finished within its deadline.
The extended EdgeOPT for function chain scheduling is
outlined in Algorithm 4. We map the sub-function to the server
with the least increment of threshold value at each step. If the
threshold in every step can be covered by the reward, the task
is accepted and we process the task in the order of its chain
dependence.

IV. NUMERICAL RESULTS

A. Experimental Setup

1) Network Settings: Consider a 1 × 1 km2 area with
randomly deployed edge clouds. All users are uniformly
distributed, whose channel gains |hmk|2 (in dB) are modeled
by −140.7 − 36.7 log10(dmk) + ψ [50], where dmk (in km)
is the distance between the user k and the edge cloud m, ψ
is a Gauss-distributed random variable with zero mean and
10 dB standard deviation to capture log-normal shadowing.
The noise power spectral density N0 is −174 dBm/Hz and
the SNR gap Γ is set to 7.6288 [51]. Îk is chosen such that
rmk = 0.6 × τk. Task workload is measured by its required
CPU cycles and the computation resource is measured by CPU
cycle frequency. Unless otherwise specified, the bandwidth for
each sub-channel is set to 2 MHz, the channel number at each

base station is 10, the total computation resource of the servers
is 15 G cycles/s, the maximum storage is 64 GB, and the time
horizon is set to 10 seconds.

2) Task Settings: Task generation is modeled by a Poisson
process, with a default arrival rate of 50. Mobile device
transmission power pk ∈ [50, 150] mW, task packet size sk ∈
[10, 600] Kbit, task workload demand wk ∈ [0.01, 1] G cycles,
memory requirement for each container type Dl ∈ [6, 10]
GB [42], the start-up time zl ∈ [0.15, 0.85] [52], and the
tolerable deadline τk ∈ [0.1, 1.7] s are all generated uniformly
at random [53]. Task reward Rk ∈ [1, 50] follows a uniform
distribution. The parameters γj and η are set to 0.01

Cj
E(R) and

20, respectively. All results are averaged over 500 Monte-Carlo
simulations to reveal their average performance.

3) Compared Baselines: We compare our algorithm with
the following heuristics and variations of our proposal:
• Parallel first-come-first-serve (P-FCFS): Tasks are

assigned their required bandwidth for transmission as
they arrive until the tasks in transmission occupy the
entire available band. Transmitted tasks are stacked in a
queue, in which the foremost tasks that finish container
start-ups share the computation resources equally for
processing.

• EdgeOPT+highest density most (EHDM): This baseline
replaces the resource allocation subroutine of EdgeOPT
by highest density most (HDM) method, which assigns
the most urgent task the most computing resource, while
other tasks are allocated with the minimum required
computation resource to guarantee on-time completion.

• Greedy: The greedy heuristic accepts all tasks that satisfy
the given constraints. Accepted tasks are transmitted
in the specified channels and are processed using the
minimum required computation resource.

• Greedy+resource allocation subroutine (Greedy+RA):
The computation resources for processing the tasks are
allocated using Algorithm 2. The feasibilities of the
schedules are checked using Algorithm 3 before the
greedy acceptance of the tasks.

• Greedy+highest density most (GHDM): Greedily accepts
all tasks that satisfy the given constraints, then allocate
computation resources using HDM.

Note that P-FCFS is a best-effort scheduler that accepts
tasks as much as it can, while the other algorithms are
deadline-aware and contain rejection mechanisms based on the
available computational resources.

B. Cumulative Reward and Delay Statistics

In Fig. 3, we investigate the cumulative reward as a function
of time under different schemes, where only the rewards
of tasks finished within their deadlines are counted. As we
can observe, EdgeOPT outperforms all the other baselines
in terms of cumulative reward, indicating that the proposed
threshold structure is advantageous over the myopic greedy
ones when tasks arrive online. Besides, the gain does not
solely come from the threshold function, as evidenced by the
fact that EHDM has approximately the same performance as
Greedy + RA. Algorithms that allocate computation resource
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Fig. 3. Cumulative reward achieved by a single edge cloud as a function of
time.

Fig. 4. Delay statistics of different methods. The black vertical lines on the
left part denote the average values.

using Algorithm 2 always outperform the ones using HDM,
implying that Algorithm 2 produces promising allocations by
considering the sum remaining completion times of all tasks.
Thus, we conclude that the proposed adaptive threshold collab-
orates well with the dynamic resource allocation subroutine,
and both helps improve the achievable reward.

In Fig. 4, we display the probability density functions and
the cumulative distribution functions of the delay resulting
from the tasks accepted by different methods. As we can
see, P-FCFS has the worst average delay of 1.331s as it does
not guarantee the on-time completions. Overtime tasks lead to
computing resource contention, thus resulting in a heavy-tailed
delay distribution. EdgeOPT and Greedy + RA achieve mean
delays of 0.989s and 0.942s, while EHDM and GHDM exhibit
average delays of 1.189s and 1.129s, respectively. This fact
implies that methods using Algorithm 2 for resource allocation
outperform those using HDM in terms of average delay.
Moreover, Algorithm 2 achieves delays below 1.5s for 92% of
tasks, while HDM achieves this for only 72%. Therefore, it can
be concluded that the proposed resource allocation subroutine

Fig. 5. Cumulative reward of a single edge cloud as a function of resource
capacity.

not only improves the cumulative reward, but also reduces the
average delay and the proportion of long executing tasks.

C. Impact of Resource Capacity

In Fig. 5, we study the impact of resource capacity on the
cumulative reward. It can be observed that increasing either
the computation resource or the available bandwidth affects
positively the cumulative reward. Diminishing returns are
observed when only one of the resource budget is increased,
which is due to the fact that the other resource continues to act
as a fundamental bottleneck for the edge cloud in completing
the accepted tasks within the hard deadlines. Moreover, P-
FCFS performs the worst in all tested settings, indicating
that a proactive rejection mechanism can help improve the
efficiency of a congested system when tasks are latency-
sensitive. In general, our proposed algorithm achieves the
highest cumulative reward and demonstrates superiority over
all the baselines in resource-abundant situations.

D. Impact of Task Pattern

In Fig. 6, the cumulative reward under different task patterns
is investigated. We respectively vary the average value of
packet size, workload demand, task release rate and average
deadline to obtain a spectrum of results. In Fig. 6(a), an inverse
relation between cumulative reward and average packet size
can be observed in all algorithms. This is due to the increment
of packet size will increase the transmission time, leaving
shorter time for task execution, which implies the tasks will
require more computation resources in order to have a faster
processing speed to be finished on time. Therefore, the server
can only schedule a smaller set of tasks due to the limited
computation resource. Our proposed algorithm achieves the
highest cumulative reward in all tested average packet sizes,
which suggests that our proposal can successfully adapt to
various scenarios with different average packet sizes.

In Fig. 6(b), we study the cumulative reward as a function
of the average task demand. As can be observed, the increment
of average task demand decreases the cumulative reward for
all algorithms, since more task with unsatisfiable demand will
be rejected when the overall computation resource is limited.
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Fig. 6. Cumulative reward of a single edge cloud under different task patterns.

P-FCFS exhibits the worst performance in all tested task work-
load demands due to the resource contention resulting from
the unsatisfiable tasks. Overall, EdgeOPT achieves the highest
reward no matter how the average task demand changes.

Fig. 6(c) shows the dependence of cumulative reward on
average task release rate, which is defined as the average
number of task arrivals per second. The proposed algorithm
exhibits superiority in all tested task release rates, with
an increasing advantage in task-intensive situation. This
attributes to the threshold structure of our proposal that
reserves resources for more computation-demanding tasks,
which caters to task-intensive situations where it is more
likely to generate tasks with higher rewards, thereby providing
a greater advantage.

In Fig. 6(d), we show the cumulative reward as a function
of the average deadline. A slight increment of cumulative
reward is observed when the average deadline is below 1.2s.
Further extending the deadlines results in accepting more
satisfiable tasks once the system has vacant resource. How-
ever, this causes resource contention, resulting in a higher
number of tasks being completed just before their deadlines.
Consequently, longer deadlines translate to extended server
occupancy periods, thereby slightly reducing the cumulative
reward. Reducing the deadlines has the worst impact on the
P-FCFS algorithm, where more overtime tasks negatively
affect the system when the deadlines are more urgent. This
result highlights the importance of the deadline-aware resource
allocation, which allows dynamic resource redistributions in
every task states to improve the system throughput. We can
conclude from Figs. 6(a)-(d) that our proposal provides the
highest cumulative reward across all settings, which demon-
strates its robustness and adaptivity to various task patterns.

E. Impact of Transmission Rate Misestimation

In Fig. 7, we investigate the robustness of EdgeOPT in
face of inaccurate estimation of transmission rate, which may
result from the unpredictable interference or the time varying
channel gain during the offloading process. Transmission rate
reduction due to this effect is modeled by the misestimation
factor εmax

r . Define εk as the percentage of transmission rate
loss of user k, which is chosen uniformly at random within
the range [0, εmax

r ] to obtain the real transmission rate r̄mkt =
(1− εk)rmkt. We vary εmax

r from 0 to 0.35 to obtain results
representing different degrees of misestimation. We observe

Fig. 7. Cumulative reward as a function of rate misestimation factor.

that Greedy + RA maintains its advantage over Greedy up
to a misestimation factor of 0.32. This can be attributed to
the proposed resource allocation subroutine that dynamically
adjusts the computing resources according to the remaining
workload for on-time task completion. Overall, our proposed
method consistently achieves the highest cumulative reward in
all tested misestimation ratios, demonstrating that EdgeOPT is
robust against inaccurate transmission rate estimation.

F. Impact of Edge Cloud Number

We investigate the impact of edge cloud number in Fig. 8,
where we show the dependence of cumulative reward on server
number on the left, and the differences between EdgeOPT and
the baselines are displayed on the right. The time horizon
is set to 5s. It can be observed that deploying more edge
clouds increases the cumulative reward due to the increment in
more computation and communication resources. The reward
achieved by Greedy grows at the lowest rate, and is out-
performed by P-FCFS when the server number exceeds 4.
Sub-linear growths of cumulative reward are also observed,
as the inter-cell interference counteracts the return brought
by the growing server numbers. The proposed EdgeOPT
algorithm mitigates this effect by proactively scheduling the
transmission channels and execution servers, thus outperform-
ing all the baselines across the tested server numbers.

When the number of servers is sufficiently high, P-FCFS,
Greedy, and Greedy + RA may achieve performances close
to EdgeOPT, since further deploying servers will relieve the
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Fig. 8. Cumulative reward of multiple edge clouds as a function of server number.

Fig. 9. Cumulative reward as a function of function chain length.

task intensity on each edge cloud. The time-complexities
for scheduling each task using these methods are O(1),
O(|M||C|), and O

(
|M|(|Sm

t |2 + |C|
)
, respectively. Here,

|Sm
t | is the number of tasks the server is currently handling.

Thus, low complexity alternatives might be more preferable
when the network has abundant processing capacity. Overall,
the proposed EdgeOPT algorithm consistently achieves the
highest cumulative reward in all numbers of edge clouds,
therefore we conclude that the proposed method improves the
cumulative reward for edge computing system with multiple
edge clouds under heavy load scenarios.

G. Function Chain Scheduling

In Fig. 9, we investigate the cumulative reward under
different service function lengths. The time horizon is set to 5s,
and the server number is set to 3. As we can observe from the
boxplot, Greedy achieves the lowest cumulative reward, while
P-FCFS exhibits better but more scattered reward. This is due
to Greedy schedules tasks more conservatively by taking into
account all the deadline-related constraints, whereas P-FCFS
is a best-effort scheduler that depends more on the specific task
instance. Across all tested function chain lengths, the proposed
EdgeOPT algorithm achieves the highest cumulative reward in
terms of both the median value and the 25-percentile, implying
that EdgeOPT is both efficient and steady. Such superiority is
attributed to the dedicated threshold structure, which enables
mapping each sub-function to a suitable server to obtain the
lowest scheduling cost for each online task.

V. CONCLUSION

In this paper, we proposed a competitive algorithm, namely
EdgeOPT, for online parallel task scheduling in edge comput-
ing, aiming to maximize the cumulative reward of tasks subject
to their hard deadlines. EdgeOPT obtains scheduling decisions
leveraging an adaptive threshold structure at each edge cloud,
and allows efficient resource allocation by exploiting the inher-
ent water-filling structure. We proved a bounded competitive
ratio for EdgeOPT in monolithic task scheduling case, and
proposed an efficient algorithm for function chain scheduling.
Extensive experiments showed that our proposal outperforms
all the baselines, indicating that it is promising for practical
systems.

APPENDIX A
PROOF OF LEMMA 2

By the partition rule, the duration for consecutive non-
decreasing receiving slots is no more than τmax. On the other
hand, at any time t, all accepted tasks will be completed before
t + τmax, after which ρm

j (Sm
t ) will return to 0. Since all the

tasks arrive when ρm
j (Sm

t ) = 0 will be accepted, the segment
of time between t+τmax and the start of the next receiving slot
can be discarded without affecting the analysis. Therefore, the
duration of any interval can be upper-bounded by the sum of
the two parts, which is 2τmax. ■

APPENDIX B
PROOF OF LEMMA 3

Observe that under any resource allocation policy, there are
at most ⌊ 1

ϵ′ ⌋ ≤
1
ϵ′ tasks existing on a server simultaneously.

Given full computation resource, the completion time tk′ of
any task k′ ∈ K is

(
vmk + wk′

Fmax

)
. Based on this, we construct

an impossible instance where tasks arrive in |G| consecutive
groups. Each group gl ∈ G contains 1

ϵ′ replicas of task k′ that
arrive simultaneously and are permitted with full computation
resource. Once a group is completed, another group arrives
instantly. Denote tg the completion time of a group, it follows
that:

|G| =
⌈

2τmax

tg

⌉
< 1 +

2τmax

tg
= 1 +

2τmax

vmk + wk′
Fm

= 1 + 2τmax

[
vmk +

(
wk′

τk′ − vmk

)(
τk′ − vmk

Fm

)]−1

= 1 + 2τmax [vmk + qm
k′F (τk′ − vmk)]−1
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≤ 1 + 2τmax [vmk + ϵ′ (τk′ − vmk)]−1

= 1 +
2τmax

(1− ϵ′) vmk + ϵ′τk′
≤ 1 +

2τmax

ϵ′τk′

≤ 1 +
2λ
ϵ′
, (39)

where the first equality is due to Lemma 1, the second
inequality is because ϵ′ ≤ qm

k′F
Fmax

= wk′
(τk′−vmk)Fmax

, the third
inequality is from vmk > 0, ϵ′ < 1, and the last inequality is
due to τmin ≤ τk′ .

Decompose the tasks accepted during interval T into differ-
ent groups gl ∈ G, we have:

∑
i∈ÔT

qm
ij ≤

|G|∑
l=1

∑
i∈gl

qm
ij

≤
(

1 +
2λ
ϵ′

)∑
i∈gl

Cm
j

≤
(

1 +
2λ
ϵ′

)
1
ϵ′
Cm

j =
(

1
ϵ′

+
2λ
ϵ′2

)
Cm

j , (40)

where the first inequality is because not all tasks in the impos-
sible instance can be accepted, the second inequality is due to
the upper bound on |G|, and the last inequality is because there
are at most 1

ϵ′ tasks can be served simultaneously. ■

APPENDIX C
PROOF OF LEMMA 4

In Case 1, there is still enough capacity for every task at
any time. Thus these tasks were rejected only because their
reward did not exceed the acceptance threshold. It holds that:

f(Ôm
T \ S̃m

T ) =
∑

i∈Ôm
T \S̃m

T

Ri

≤
∑

i∈Ôm
T \S̃m

T

∑
j∈J

γm
j

(
eρm

j (S∗m,T ) − 1
)
qm
ij

=
∑
j∈J

γm
j

(
eρm

j (S∗m,T ) − 1
) ∑

i∈Ôm
T \S̃m

T

qm
ij


≤
(

1
ϵ′

+
2λ
ϵ′2

)∑
j∈J

γm
j C

m
j

(
eρm

j (S∗m,T ) − 1
)
,

(41)

where the last inequality is due to Lemma 3 and the fact that
Ôm

T \ S̃m
T ⊆ Ôm

T . ■

APPENDIX D
PROOF OF LEMMA 6

In Case 2, we upper bound the offline optimum by focusing
on the contributions from dimensions in J T

1 ∪ J ′T .

f(Ôm
T ) =

∑
i∈Ôm

T

Ri

=
∑

i∈Ôm
T

Ri∑
j∈J T

1 ∪J ′T
γjqj(φi, ai)

×
∑

j∈J T
1 ∪J ′T

γjqj(φi, ai)

≤
∑

i∈Ôm
T

Ri∑
j∈J T

1 ∪J ′T
γjqj(φi, ai)

∑
j∈J T

1 ∪J ′T

γjq
m
ij

≤ σ′
∑

j∈J T
1 ∪J ′T

γj

∑
i∈Ôm

T

qm
ij

≤ σ′
(

1
ϵ′

+
2λ
ϵ′2

) ∑
j∈J T

1 ∪J ′T

γjC
m
j , (42)

where the first inequality is due to the definition of σ′ and the
third inequality is due to Lemma 3. ■

APPENDIX E
PROOF OF PROPOSITION 1 UNDER CASE 2

We partition the constraint set J T
1 ∪ J ′T into J T

1 \(
J T

2 ∪ J ′T
)
, J T

2 \ J ′T , J ′T ∩ {j : Hm,j
T = 1} and J ′T \ {j :

Hm,j
T = 1}, whose contributions to the objective are lower

bounded by LT,3,LT,4, LT,5, and LT,6, respectively. The same
idea as Case 1 gives:

f(S̃m
T ) ≥

∑
i∈S̃m

T

∑
j∈J T

1 ∪J ′T

γjq
m
ij

(
e

⌊
uj(Sm

T,i−1)

Cm
j

ln(θm
i η)

⌋
− 1

)

=
∑

j∈J T
1 ∪J ′T

ρj(S
∗
m,T )∑

n=ρj(S′m,T−1)

(en − 1)

×

 ∑
i∈Sm,j

T,n\S
m,j
T,n−1

γjq
m
ij


≥ L′T,6 + L(J T

1 \
(
J T

2 ∪ J ′T
)
) + L

(
J T

2 \ J ′T
)

+ L
(
J ′T \ {j : Hm,j

T = 1}
)
, (43)

where L′T,6 is the sum term for j ∈ J ′T∩{j : Hm,j
T = 1} in the

second line of (43). A key observation is that j ∈ J ′T ∩ {j :
Hm,j

T } implies ρj(S′m,T−1) = ρj(S∗m,T ), and such case is
equivalent to j ∈ J \ J T

1 under Case 1, therefore yielding a
similar form of the lower bound:

L′T,6 =
∑

j∈J T
1 ∪J ′T

(
eρj(S

∗
m,T ) − 1

) ∑
i∈Sm,j

T,0

γjq
m
ij

≥
∑

j∈J ′T∩{j:H
m,j
T =1}

(eρj(S
∗
m,T ) − 1)ϵ′γjC

m
j

≥
∑

j∈J ′T∩{j:H
m,j
T =1}

(
θ[n]η

e2
− 1)ϵ′γjC

m
j

def= LT,6, (44)

where the second inequality is because ρj(S∗m,T ) ≥⌊
ln(θ[n]η)

⌋
− 1 > ln(θ[n]η)− 2.

For j ∈ J1 \ J ′T , we have uj(S∗m,T ) < (1 − ϵ)Cm
j , which

is similar to as Case 1. Thus we have similar lower bounds:

LT,3 = [e− 1]
∑

j∈J T
1 \(J T

2 ∪J ′T )

ϵ′γjC
m
j ,

LT,4 =
e2 − 2(e− 1)− 1

e− 1

∑
j∈J T

2 \J ′T

γjC
m
j

[
1

ln(θ[n]η)
− ϵ
]
.
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For j ∈ J ′T \ {j : Hm,j
T = 1}, we have Hm,j

T ≥ 2.
Since Cm

j − uj(S∗m,T ) ≤ ϵCm
j , we have: uj(S∗m,T ) ≥

(1− ϵ)Cm
j . Taking this into ρj(S∗m,T ) =

⌊
uj(S

∗
m,T )

Cm
j

ln(θ[n]η)
⌋

gives: ρm
j (S∗m,T ) ≥

⌊
(1− ϵ) ln(θ[n]η)

⌋
≥
⌊
ln(θ[n]η)− δ

⌋
≥⌊

ln(θ[n]η)− 1
⌋
≥
⌊
ln(θ[n]η)

⌋
− 1. Combining these gives:

L
(
J ′T \ {j : Hj

T = 1}
)

=
∑

j∈J ′T \{j:H
m,j
T =1}

γj

∆m
t,j(S

∗
m,T )∑

n=0

(en − 1)
∑

i∈Sm,j
T,n\S

m,j
T,n−1

qm
ij

≥
∑

j∈J ′T \{j:H
m,j
T =1}

γj

Hm,j
T −1∑
h=0

(
eh − 1

) ∑
i∈Gm,j

T,h\G
m,j
T,h−1

qm
ij



≥
∑

j∈J ′T \{j:H
m,j
T =1}

γj

 ∑
i∈Gm,j

T,H
j
T
−1
\Gm,j

T,0

qm
ij

 ,
(45)

where the last inequality is due to Hm,j
T ≥ 2 and the fact

that eh − 1 > 1 when h ≥ 1. For all j ∈ J ′T , we have∑
i∈S∗m,T

qj(φi, ai) =
∑

i∈Gm,j

T,H
j
T
−1

qj(φi, ai) > (1 − ϵ)Cm
j .

Moreover, the piece-wise constant property of ρm
j (S) gives∑

i∈Gm,j
T,0

qj(φi, ai) ≤ ϵCm
j + Cm

j

ln(η) , where the inequality is

due to the fact that θ[n] is no less than 1. Combining these
yields: ∑

i∈Gm,j

T,H
j
T
−1
\Gm,j

T,0

qm
ij =

∑
i∈Gm,j

T,H
j
T
−1
\Gm,j

T,0

qj(φi, ai)

+
∑

i∈Gm,j

T,H
j
T
−1
\Gm,j

T,0

1qj(φi,ai)=0

≥
∑

i∈Gm,j

T,H
j
T
−1

qj(φi, ai)

−
∑

i∈Gm,j
T,0

qj(φi, ai)

≥ (1− ϵ)Cm
j −

(
ϵCm

j +
Cm

j

ln(η)

)
=
(

1− 2ϵ− 1
ln(η)

)
Cm

j . (46)

Taking (46) into (45) gives the lower bound LT,5:

L
(
J ′T \ {j : Hm,j

T = 1}
)

>
∑

j∈J ′T \{j:H
m,j
T =1}

γm
j

(
1− 2ϵ− 1

ln(η)

)
Cm

j
def= LT,5.

(47)

Since we always choose η that satisfies ϵ < 1
2 −

1
2 ln(η) , every

term in (47) is positive. Therefore, we can apply Fact 1:

f(Ôm
T )

f(S̃m
T )
≤
σ′
(
1 + λ

ϵ′

)∑
j∈J T

1 ∪J ′T
γjC

m
j

LT,6 + LT,3 + LT,4 + LT,5
. (48)

Finally, since (i) for ∀j ∈ J , ϵ ln(θ[m]η) < 1, we have 1 −
ϵ ln(θ[m]η) = 1− δ > 0 and (ii) by 1− 2ϵ− 1

ln(η) > 0, we let

c′
def= (1− 2ϵ) ln(η)− 1 > 0, the result can be concluded as:

f(Ôm
T )

f(S̃m
T )
≤ σ′

(
1
ϵ′

+
2λ
ϵ′2

)
max

{
e2

(θ[m]η − e2)ϵ′
,

1
(e− 1)ϵ′

,
(e− 1) ln(θ[m]η)

(e2−2(e−1)−1)(1−δ)
,
ln(θ[m]η)

c′

}
= O(λ ln(θ[m])) ≤ O(λθ[m] ln(θ[m])), (49)

which completes the proof. ■
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